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Formulas, ABPs, and Circuits Hierarchy

VF
VBP

VP

Open question: Prove lower bounds for VF, VBP and VP.
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(Syntactically) multilinear VF, VBP, and VP

Multilinear restriction: every multiplication gate has all its children’s
subcircuits using disjoint set of variables.
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(Syntactically) multilinear VF, VBP, and VP

mlVF
mlVBP

mlVP

Open questions: Prove lower bounds for mlVBP and mlVP.
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Raz’s min-partition rank method

P ∈ F[x1, · · · , xn] is full-rank if, ∀ balanced partition f : [n] → {±1},

rk(Mf ,P) = full rank

, where Mf ,P(m1,m2) := coeff(P,m1 ·m2)

∀ monomials m1 ∈ F[xi |f (i) = 1],m2 ∈ F[xi |f (i) = −1].
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Raz’s min-partition rank method

P := 1 + y1z1 + y2z2 + y3z3 + y1y2z1z2 + y1y3z1z3 + y2y3z2z3 + y1y2y3z1z2z3

f (yi ) := 1, f (zi ) := −1

Mf ,P =



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1



1
y1
y2
y3
y1y2
y1y3
y2y3
y1y2y3

1 z1 z2 z3 . . .
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Min-partition rank as mlABP lower bound criterion?

Theorem 1
The min. size of a mlABP computing a full rank polynomial

is almost
characterized by the min. size of certain combinatorial set systems.

Using our combinatorial framework, we obtain:

▶ Improved exponential lower bounds for ΣπmlABP (CKSS’24).
▶ Superpolynomial separations between multilinear formulas and

mlABPs, but weaker than the known optimal separation (DMPY’12).
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Multilinear algebraic branching programs and set systems

Approach:
Rank upper bounds for a mlABP P via properties of {Xu | u ∈ P}?
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Multilinear algebraic branching programs and set systems
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P =
∑

u∈U Au · Bu

F[Xu] F[Yu]

∈ ∈

Mf ,A·B = ⊗Mg ,A Mh,B

g := f ↾Xu
, h := f ↾Yu

R := f −1(1),C := f −1(−1)

R

C

R ∩ Xu

C ∩ Xu R ∩ Yu

C ∩ Yu

⇒ rk(Mf ,P) ≤
∑

u∈U 2n/2 · 2−||Xu |−|Yu ||
≤ 2n/2 · |U | · 2−k ????
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Set systems and their chain-balance

Formal definitions: X ⊆ P([n]) set system over [n].
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Formal definitions: X ⊆ P([n]) set system over [n].

(U,V ) is an arc ⇐⇒ V = U ∪ {v}

∅

X1,1

X1,l1

X2,1

X2,l2

. . .

. . .
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Xn−1,ln−1

[n]

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
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. .
.
.

Théo Fabris (UCPH) mlABPs and min-partition rank August 6, 2026 2 / 6



Set systems and their chain-balance

Formal definitions: X ⊆ P([n]) set system over [n].

(U,V ) is an arc ⇐⇒ V = U ∪ {v}

∅

X1,1

X1,l1

X2,1

X2,l2

. . .

. . .
Xn−2,ln−2

Xn−2,1

Xn−1,ln−1

Xn−1,ln−1

[n].
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

. .
.
.

Théo Fabris (UCPH) mlABPs and min-partition rank August 6, 2026 2 / 6



Set systems and their chain-balance

Formal definitions: X ⊆ P([n]) set system over [n].
▶ For a partition f : [n] → {±1}, we say that X is k-chain-balanced

w.r.t. f if

there is a chain

X0 ⊊ X1 ⊊ . . . ⊊ Xn

s.t. |Xi | = |Xi−1|+ 1 and X0 = ∅ and

|f (Xi )| := |
∑
x∈Xi

f (x)| ≤ k .

If this is the case, we write cbal(X , f ) ≤ k .

Théo Fabris (UCPH) mlABPs and min-partition rank August 6, 2026 2 / 6



Set systems and their chain-balance

Formal definitions: X ⊆ P([n]) set system over [n].
▶ For a partition f : [n] → {±1}, we say that X is k-chain-balanced

w.r.t. f if there is a chain

X0 ⊊ X1 ⊊ . . . ⊊ Xn

s.t. |Xi | = |Xi−1|+ 1 and X0 = ∅ and

|f (Xi )| := |
∑
x∈Xi

f (x)| ≤ k .

If this is the case, we write cbal(X , f ) ≤ k .

Théo Fabris (UCPH) mlABPs and min-partition rank August 6, 2026 2 / 6



Set systems and their chain-balance

Formal definitions: X ⊆ P([n]) set system over [n].
▶ For a partition f : [n] → {±1}, we say that X is k-chain-balanced

w.r.t. f if there is a chain

X0 ⊊ X1 ⊊ . . . ⊊ Xn

s.t. |Xi | = |Xi−1|+ 1 and X0 = ∅ and

|f (Xi )| := |
∑
x∈Xi

f (x)| ≤ k .

If this is the case, we write cbal(X , f ) ≤ k .

Théo Fabris (UCPH) mlABPs and min-partition rank August 6, 2026 2 / 6



Set systems and their chain-balance
Formal definitions: X ⊆ P([n]) set system over [n].
▶ For a partition f : [n] → {±1}, we say that X is k-chain-balanced

w.r.t. f if there is a chain

X0 ⊊ X1 ⊊ . . . ⊊ Xn

s.t. |Xi | = |Xi−1|+ 1 and X0 = ∅ and

|f (Xi )| := |
∑
x∈Xi

f (x)| ≤ k .

If this is the case, we write cbal(X , f ) ≤ k .

∅ [n]

R := {S ∈ X | |f (S)| > k}

cbal(X , f ) ≤ k ⇐⇒ ∃blue path

Théo Fabris (UCPH) mlABPs and min-partition rank August 6, 2026 2 / 6



Set systems and their chain-balance
Formal definitions: X ⊆ P([n]) set system over [n].
▶ For a partition f : [n] → {±1}, we say that X is k-chain-balanced

w.r.t. f if there is a chain

X0 ⊊ X1 ⊊ . . . ⊊ Xn

s.t. |Xi | = |Xi−1|+ 1 and X0 = ∅ and

|f (Xi )| := |
∑
x∈Xi

f (x)| ≤ k .

If this is the case, we write cbal(X , f ) ≤ k .

∅ [n]

R := {S ∈ X | |f (S)| > k}

cbal(X , f ) ≤ k ⇐⇒ ∃blue path

Théo Fabris (UCPH) mlABPs and min-partition rank August 6, 2026 2 / 6



Set systems and their chain-balance
Formal definitions: X ⊆ P([n]) set system over [n].
▶ For a partition f : [n] → {±1}, we say that X is k-chain-balanced

w.r.t. f if there is a chain

X0 ⊊ X1 ⊊ . . . ⊊ Xn

s.t. |Xi | = |Xi−1|+ 1 and X0 = ∅ and

|f (Xi )| := |
∑
x∈Xi

f (x)| ≤ k .

If this is the case, we write cbal(X , f ) ≤ k .

∅ [n]

R := {S ∈ X | |f (S)| > k}

cbal(X , f ) ≤ k ⇐⇒ ∃blue path

Théo Fabris (UCPH) mlABPs and min-partition rank August 6, 2026 2 / 6



Set systems and their chain-balance

Formal definitions: X ⊆ P([n]) set system over [n].
▶ For a partition f : [n] → {±1}, we say that X is k-chain-balanced

w.r.t. f if there is a chain

X0 ⊊ X1 ⊊ . . . ⊊ Xn

s.t. |Xi | = |Xi−1|+ 1 and X0 = ∅ and

|f (Xi )| := |
∑
x∈Xi

f (x)| ≤ k .

If this is the case, we write cbal(X , f ) ≤ k .
▶ We say that X is k-chain-balanced if cbal(X , f ) ≤ k for every

balanced f .

Théo Fabris (UCPH) mlABPs and min-partition rank August 6, 2026 2 / 6



Example 1: chain set system

∅ [1, 1] [1, 2] [1, n − 1] [1, n]
. . .

▶ Sn := { [1, i ] | i ∈ {0, . . . , n}} is a set system over [n].

▶ Thus, Prf
[
cbal(Sn, f ) ≤ n1/2−ε

]
≤ exp(−nΩ(1)).

▶ Chain s.s. is related to CKSS’24’s lower bound for ΣπmlABPs:
union bound over all permutations π of a given ΣπmlABP.
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Example 2: interval set system

▶ In := { [i , j ] | i , j ∈ [n]}.

∅

[1, 1] [1, 2]
. . .

[1, n − 1]

[1, n]

[n, n] [n − 1, n]

. . .
[2, n]

.

.

.

.

.

.

.

.

.

▶ This is the set system corresponding to the weak-full rank mlABP
constructed by DMPY’12.

▶ We show Prf
[
cbal(In, f ) ≤ n1/5] ≤ exp(−Ω(n1/5)).

▶ By our framework, this implies that DMPY’12’s mlABP is far from
full-rank for most balanced partition.
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Chain-balance lower bounds for interval set systems

Theorem 2
For a random balanced partition f : [n] → {±1}, we have

Pr
f

[
cbal(In, f ) ≤ n1/5

]
≤ exp(−Ω(n1/5)).

Proof.
1. f is an arbitrary partition and suppose cbal(In, f ) ≤ d := 1.
2. Let I0 ⊊ . . . ⊊ In with |f (Ii )| ≤ d and |Ii | = |Ii−1|+ 1 and I0 = ∅.
3. Let s, e ∈ [n] such that I1 = {s} and In−1 = [n] \ {e}.
4. h := f ↾Z and g := f ↾Y .

s e

Z := [n] \ Y Y := [s, e]

Ii

Zi := Ii ∩ Z Yi := Ii ∩ Y

dh

. . .

g

. . .
−g

. . .
d ≥
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Nontrivial construction of 1-chain-balanced set systems

Theorem 3
There is a 1-chain-balanced set system X for [n] of size nO(ln n/ ln ln n).

Goal: Find X s.t. ∀ balanced f : [n] → {±1} ∃X0 ⊊ . . . ⊊ Xn in X with

|f (Xi )| ≤ 1 and |Xi | = |Xi−1|+ 1 and X0 = ∅.
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Nontrivial construction of 1-chain-balanced set systems

Goal: S(n) := min{ |A| | A is a 1-cbal. s.s. for [n]} ≤ nO(ln n/ ln ln n).

Excursion Lemma (Csáki, Erdős, Révész’85): For a 1
n -fraction of

balanced f , we can use f to find J0 ⊊ . . . ⊊ Jℓ in the chain s.s. Sn s.t.

|f (Ji )| = 0 and J0 = ∅ and |Ji | − |Ji−1| ≤ λ :=
n

ln n

and Ji := ∪j≤i Ij .
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and Ji := ∪j≤i Ij .

Chain Covering Lemma: There are L := n2 permutations π1, · · · , πL s.t.,
for all balanced f , ∃k ∈ [L], ∃J0 ⊊ . . . ⊊ Jℓ in πk ◦ Sn s.t.

|f (Ji )| = 0 and |Ji | ≤ |Ji−1|+ λ and J0 = ∅.
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|f (Ji )| = 0 and |Ji | ≤ |Ji−1|+ λ and J0 = ∅.

Set system recursive construction:

1. Apply Chain Covering Lemma to obtain n2 chain set systems πi ◦ Sn.
2. Fill the gaps of length at most λ using an optimal s.s. for S(λ).
3. Number of sets added in total is (n2 · n) · (n · S(λ)).
4. Thus, we get a 1-chain-balanced s.s. X s.t. |X | ≤ ndS(n/ ln n).
5. Therefore, S(n) ≤ ndS(n/ ln n)

and S(n) ≤ nO(ln n/ ln ln n).
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Conclusions and open problems

Summary of our results

▶ Combinatorial “characterization” of the smallest mlABP computing a
full rank polynomial via the chain-balance of set systems.

▶ Lower bounds for the chain-balance of interval set systems and
exponential lower bounds for restricted mlABPs.

▶ Construction of a 1-chain-balanced set system of size nO(ln n/ ln ln n) and
superpolynomial separation between multilinear formulas and mlABPs.

Open problems

▶ Close the gap between Ω(n2) (by AKV’20) and nO(ln n/ ln ln n) for the
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