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Fully Independent Distributions

Graph G = (V, E) on n vertices and m edges.
Subsampling the edges independently at rate 1/2.

e minimum cut > 20 log m = G remains connected

e shortest cycle length > 20log m = G becomes cycle-free

Useful for parallel “matroid basis finding” in “(co)graphic matroids”
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Derandomizing Edge Subsampling

Graph G = (V, E) on n vertices and m edges.
Subsampling the edges k-wise independently at rate 1/2.

Theorem (connectedness)

O(log m)-wise independence suffices for preserving connectivity in a
graph with min cut > rlog(m) w.p. 1 — 1/poly(m).

Theorem (cycle-freeness)

O(log m)-wise (1/poly(m))-almost independence suffices for
ensuring cycle-freeness in a graph with minimum cycle length
> klog(m) w.p. 1 —1/poly(m).
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k-wise independent distribution on n bits with marginals 1/2 can be
generated using O(k log n) random bits.

Theorem (connectedness)

O(log m)-wise independence suffices for preserving connectivity in a
graph with min cut > rlog(m) w.p. 1 — 1/poly(m).
e O(log” m) random bits

e ‘‘cographic matroid basis finding” in O(log(m)loglog(m)) rounds
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Derandomizing Edge Subsampling

d-almost k-wise independent distribution on n bits w/ marginals 1/2
can be generated using O(k + loglog(n) + log(1/d)) random bits.

Theorem (cycle-freeness)

O(log m)-wise (1/poly(m))-almost independence suffices for

ensuring cycle-freeness in a graph with minimum cycle length
> klog(m) w.p. 1 —1/poly(m).

O(log m) random bits

“graphic matroid basis finding” in O(log(m) loglog(m)) rounds
of poly(m) queries



k-wise Independent Random Graphs

: O(log n)-wise independent random
graphs (random subgraphs of the complete graph K,)



k-wise Independent Random Graphs

: O(log n)-wise independent random
graphs (random subgraphs of the complete graph K,)

e edge connectivity



k-wise Independent Random Graphs

: O(log n)-wise independent random
graphs (random subgraphs of the complete graph K,)

e edge connectivity

e vertex connectivity



k-wise Independent Random Graphs

: O(log n)-wise independent random
graphs (random subgraphs of the complete graph K,)

e edge connectivity
e vertex connectivity

e jumbledness



k-wise Independent Random Graphs

: O(log n)-wise independent random
graphs (random subgraphs of the complete graph K,)

e edge connectivity

e vertex connectivity

jumbledness

existence of matchings



k-wise Independent Random Graphs

: O(log n)-wise independent random
graphs (random subgraphs of the complete graph K,)

e edge connectivity

e vertex connectivity

jumbledness

existence of matchings

all match the behavior of G(n, p).
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Cycle-freeness

shortest cycle length > 20 log m = G becomes cycle-free w.h.p.

Suppose that the shortest cycle length is > 20 log m.

. /.\.

2

Then, every cycle must contain a path of length 9 log m.
Hence, it suffices to show that no such path survives sampling.
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For any pair u, v € V, there is at most one path of length 9log m
between v and v.

Hence, there are at most (g) < 2m? paths of length 9log m.
Each such path survives with probability
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By the union bound, no path survives with probability at least
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Cycle-freeness: k-wise independent sampling

Using (1/m°®)-almost (9 log m)-wise independent distribution:

For any pair u, v € V, there is at most one path of length 9log m
between v and v.

Hence, there are at most (;’) < 2m? paths of length 9 log m.
Each such path survives with probability

1 9|ogm+6_ 1 9log m 1 B 2
2 S \2 m’  m

By the union bound, no path survives with probability at least
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Connectedness: fully independent sampling

minimum cut > 20log m => G remains connected w.h.p.

Theorem

In a graph with minimum cut c, the number of cuts of size < ac is
at most O (n**)

split all cuts in bins by size: [c,2c),[2¢, 4c), [4¢,8c), ...
in a bin [ac,2ac¢), there are < O (n*) cuts

each of these is fully destroyed w.p. < (1/2)*¢ = n=20“ for
c>20logn

by the union bound, connectedness is preserved whp
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Connectedness: k-wise independent sampling

e to take union bound over 2("~%) events (cuts), must have some
“success” probabilities as large as 1 — 27 ("1

e for any pseudorandom algorithm that uses k random bits, the
individual probabilities are multiples of 2~

e no pseudorandom algorithm using < (n — 1) random bits works!

e cycles (exponential #) = long paths (polynomial #)
o cuts = 777



Spectral Sparsification via Bounded Independence
Sampling

Theorem
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Spectral Sparsification via Bounded Independence
Sampling

Theorem
(Derandomization of )

In a weighted graph G, subsampling the edges with
marginals p. = © ({(e) - log(m)),

where ((e) is the leverage score of e, in a O(log m)-wise independent
manner produces a “spectral sparsifier” (and hence preserves
connected components) of G with probability 1 — 1/ poly(m).

Corollary

If leverage scores are bounded by 1/ log(m) for large enough
constant r, O(log m)-wise independent sampling with marginals 1/2
preserves connected components.
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Leverage Scores

Definition
Given a weighted graph G = (V, E, w), sample a spanning tree T of
G so that
PriT] oc [ w(e)
ecT

Then the leverage score of an edge e € E is defined as

((e) :=Prle e T].
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Leverage Scores

le)=1
l(e)=1/m
le)=1—-1/m
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Minimum Cut vs Leverage Scores

We know from :
If leverage scores are bounded by 1/klog(m), O(log m)-wise
independent sampling with marginals 1/2 preserves connectedness.

Want to show:

If the minimum cut is at least x log(m), O(log m)-wise independent
sampling with marginals 1/2 preserves connectedness.
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Minimum Cut vs Leverage Scores

e low leverage scores (< 1/c) = large minimum cut (> ¢)

e large minimum cut (> ¢) ==~ low leverage scores (< 1/c¢)



Minimum Cut vs Leverage Scores

Minimum cut can be Q(log n) while /(e) — 1:
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Getting Low Leverage Scores

Theorem

In a weighted graph G, subsampling the edges with
marginals p. = © (((e) - log(m))

in a O(log m)-wise independent manner preserves connected
components with probability 1 — 1/ poly(m).

Can we find a weighting of G which makes leverage scores small?
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Leverage Scores & Minimum Cut Duality

Theorem

For any G = (V| E) with minimum cut c, there exists a weighting
w : E — R™ such that in the weighted graph G' = (V E, w), all
leverage scores are bounded by O(1/c).

min cut ¢ = leverage scores O(1/c) under some reweighting



Leverage Scores & Minimum Cut Duality

Decreasing the weight of e ensures the bound on leverage scores.
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Concluding Remarks

e O(log m)-wise independence suffices for preserving connectivity
when the min cut is > xlog m

e O(log m)-wise (1/ poly(m))-almost independence suffices for
introducing cycle-freeness when the shortest cycle length is
> klogm

We also show that

e exists a distribution with marginals < 1/2 and seed length
O (log(m) log log(m)) with the same connectedness guarantees

e these results can be used to derandomize parallel basis finding for
graphic and cographic matroids

Thanks!



