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Why Do We Care?

PCP/IOP
soundness

Proximity Gaps Low-degree testing

(8, €)-proximity gaps for C C 2%, P C X" under distance A:
VE € C either

1. Pr.[A(s,P) <0] =1
2. Pr.|A(s,P) < 0] <€

In this work: consider spans of polynomial proximity generators,
P = € linear code, under the Hamming distance.
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Distance Preservation

Let € C F" be alinear code

u, I:I:I:l:_:l:l 01 := A(uy, 6) (Proximity) Generator
o (LT T T &= A6
| N C N 4

—_—

v LB T 11116 =20%

We want Pr,cg lA(ux, ¢) < max 5]'] to be small
J
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Preserving Max Distance iIs not Enough

[RVW13]
When G(x;, ...,X,) = (X, ..., X,),

O; |
J
Pricr | AUz, €) < max — | < ——
i 2 | |
[AHIV17],[BKS18],[BGKS20] Not enough for some applications!
(e.g. batch proximity testing)

- Distance drop
- Only one generator
- No control over the agreement set

IBCIKS20],[BCL22],[BCGL22],[DP24],[MZ25],[BMMS25].,...

[BCIKS20],JACFY24]
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Mutual Correlated Agreement (MCA)

Fix G(aq, &) = (aq, @,) for simplicity.

Goal: except for a small error over (a;, &, ), this happens:

ci €ECE b €EC

I:EI:IIEI:I:I — I:EI:IIEI:I:I
I:EI:EIEI —=m

Uq i Uy o, = A1 " Uy +a, - U,

T :=1{1,3,7,8} - the common agreement set
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MCA, formally

Definition:
G: S — [F¥ has MCA error evea - 10,1] = [0,1] for € C F" if

3T C [n] : Large agreement

i T >n-(1-7)
vU=| : eF™ Vye]l0,] Pr, < epmeal?)
a ! S| (G -U)|, € B, | = McAY
Distance param Je[f] ‘T Z G ‘T Combination agrees
N
E g., for y 0 Some word doesn'’t
B (Gx)-U) €€
VU — E E |]: Xn, PerS % S GMCA(O)
llf ]E[Lﬂ] ¢

Testing membership to the code!
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MCA Makes Things Nice

List decoding Key step in security reduction of IOPs

G:S—F
Uy
U=\ : e
C; Uy
C1= E
Cy

“List-decode and combine” & “Combine and list-decode”

[GMW25]

SUETCUUTIERSUEIRIIN Fasier analyses, better parameters

RBR Security Essential for Fiat—Shamir
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2. Every polynomial generator has MC

 Our MCA error is tight: in unique decoding, the error scales linearly
with distance

« 1 generators with very high degree with good MCA error
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Zero-Evading
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Generators ¢ This work This work
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Specific
~ generators [A?ggaﬂé§5ﬁ5]’ [GKL24], [Z25]
line, powers,...
Specific linear All linear

code (RS,... codes
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The new MCA landscape

WIP: polynomial
generators over
affine varieties.
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S :={x|Gx) -vT =0} (v0)

max | S, |/|S| < e
v2£(
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ZE Is Necessary

Zero-evading is necessary for MCA: €zz < €yca

proof: & C " of codimension r, M € " parity check matrix.

[G(x) Ue®

GMCA(O) — Pr
xXES

Letuy,...,u, € " with some u; & €, thenw,; .= M - u]T * 0.

Pr | jel?] < Pr [G(X) vl = ] < €rr

VieleyW; 7 0 v = (wylil, ..., Wli])
fori € [r] s.t. Wj[i] = ()

12



Polynomial is Sufficient



Polynomial is Sufficient

Linearly independent over [

Polynomial generator G(xy, ..., x,) = (P{(X}, ..., Xg), ooy Pp(Xys .. 05 X))

All polynomial generators have MCA for every linear code

13



Polynomial is Sufficient

Linearly independent over [

Polynomial generator G(xy, ..., x,) = (P{(X}, ..., Xg), ooy Pp(Xys .. 05 X))

All polynomial generators have MCA for every linear code

Pf sketch:
o Write Pi(Xl, ...,XS) — Zal,m,% Cay,...or. HiXi“i

¢ Have G(X19 ---aXS) — A . ®Z(I’Xl’ ""dei)

13



Polynomial is Sufficient

Linearly independent over [

Polynomial generator G(xy, ..., x,) = (P{(X}, ..., Xg), ooy Pp(Xys .. 05 X))

All polynomial generators have MCA for every linear code

Pf sketch:
o Write Pi(Xl, ...,XS) — Zal,m,% Cay,...or. HiXi“i

¢ Have G(X19 ---aXS) — A . ®Z(I’Xl’ ""dei)

Real primitive

13



Polynomial is Sufficient

Linearly independent over [

Polynomial generator G(x, ..., x,) = (P1(X), ..., X)), ...y, Pp(X, .00y X))

All polynomial generators have MCA for every linear code

Pf sketch:
o Write Pi(Xl, ...,XS) — Zal,m’% Cay,...or. HiXi“i

¢ Have G(X19 ---aXS) — A . ®Z(I’Xl’ ""dei)

Real primitive
Prove both transformations
interact “nicely” with MCA:
toolbox for MCA I

13



Polynomial is Sufficient

Polynomial generator G(x, ..., x,) = (P{(x;, ...

Linearly independent over [F

X))y oees Pp(Xyy oo

X))

All polynomial generators have MCA for every linear code

Pf sketch:
. Write Pi(X,, ... X)) =} Cq.

e Have G(X19 '°'9X5) — A . ®l(1’Xl’

Prove both transformations
interact “nicely” with MCA:
toolbox for MCA

13

o 11X
.,Xl.di)

Real primitive

Can specialize to
RS codes and
obtain MCA up to
Johnson bound
for all polynomial
generators
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J

Minimum distance
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Gxyyoon X)) = (Py(Xgy ey Xg)y vy Po(Xy, .., X,)), and d; := max{degXi(Pj)}
J

Minimum distance

= fory < ox/(d+2), G (x) = (1,x, ..., x%) has MCA
error <n-y-df|F|.

Matching lower bound: 3 code s.t. when y < 0¢/2, the MCA error
of Gyis >n-y-d/l|F|.

Can we close the gap?
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MCA Toolbox

Linear transformation

Tensor products

G:S—>F G:S —-F,G:S5 —F
G G, G,
MCA error is preserved exactly MCA errors sum

Affine space

Matrix-vector product

Xiyoen X)) = (Lxy,..0,x) & x (1x Can show the
i 2 4 ) Mmca (1.%) has good MCA error

Independent of s
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1. using polynomial result over I, error ~

q,

16

4
gk

Gaff(y) — ;

A
J—q S.t.

k- min{q, ¢}

q



AGHP Generator

— n - : ~ Tk . C k A
F CFwithg: Fo— Foand G: F X F, — F s.t.

G(x, V) = (X)) - Yere
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1 A
MCA erroris ~ — + —

qg q*

Surprising:

k- min{q, ¢}
q

1. using polynomial result over L-q, error ~

O
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— i i k—1 g™ .
2. over i, p(x"); = tr(fix’) = . (Bx')?, distance ~

m=0
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V] € [k],(ZiEm ¢(Xi)j ‘w)|r € 6lr
3i € [£],ul, & G|,

Observation 1: ((xi)ie[f] -U) | = (Z] Ziqb(xi)jajui)\T € (¢ ® [Fqk)‘T
Observation2: u. & €|, — u. & (€ ® [Fqk)‘T

3T C[n], [T|20=y)-n
((xi)ie[f] Ul € (EQF|r
die [F]u|r & (€ RF I

Use univariate powers MCA over extended code
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Open Problems & Discussion



A Complete Characterization?

Zero-Evading
Generators

Polynomial
Generators

generators
(line, powers,...)

Specific [ACFY24], [H25], [GKL24], [225],
[BCHKS25]

Specific linear All linear
code (RS,...) codes

20



Is Structure Necessary?

Random generator: a uniformly random element of the set of functions S — [

Can show: w.p. > | — 0 random generator has €, < 1/]]

21

-| + err (0, |I
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Can We Go Beyond Johnson?

Multilinear generators
and arbitrary linear codes

S ——————
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Can We Go Beyond Johnson?

Multilinear generators Polynomial generators
and arbitrary linear codes and RS codes
_ _ 1/3 _ 1/2
=0 y=1-=( —og) y=1-=( —og) Y = Og
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Can We Go Beyond Johnson?

Can we show

Multilinear generators Polynomial generators

and arbitrary linear codes and RS codes Something
here”?
=0 y=1—(1-26x-)" y=1—(1-26y,)" y =6,

22



Can We Go Beyond Johnson?

The Proximity Prize P

v

$1,000,000

in prizes to prove (or disprove!) Reed-Solomon

proximity gaps conjectures—more info soonTM

|
-

An initiative by the Ethereum Foundation to advance the foundations of modern zk VM.

22
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Zero-Evading

Generators
Polynomial Sufficient
Generators * This work This work

G = (P(X)),

Specific
generators
(line, powers,...)

* [ACFY24], [H25],

[BCHKS25] S [GKL24], [225]

Specific linear All linear
code (RS,...) codes

Thanks!

23



ZE Is Necessary

Zero-evading is necessary for MCA: €zz < €yca

”:L”
Gx)-vi =0 (v#0)

MUINE"
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Zero-evading is necessary for MCA: €zz < €yca

”:L”
Gx)-vi =0 (v#0)

15,1715 < ez

Pf sketch: Testing membership to the code!

» Sufficient to show €, < €,,-4(0)

e FG(x)- (uy,...,u) € EATu, & €, findv#0st. Gx)-v' =0
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ZE Is Necessary

Zero-evading is necessary for MCA: €zz < €yca

”:L”
Gx)- v =0 (v#0)

1S,1/1S| < ey

Pf sketch: Testing membership to the code!

o Sufficient to show €, < GMCA(O) Independent of x

e FG(x)- (uy,...,u) € EATu, & €, findv#0st. Gx)-v' =0

24
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ZE Error Lower Bounds MCA

pf (sketch): & C " of codimension r, M € " parity check matrix.

Gx)-Ue®
u e

€rca(0) = Pr [

xS | Viele1W
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ZE Error Lower Bounds MCA

pf (sketch): & C " of codimension r, M € " parity check matrix.

Gx)-Ue®
Ve e 6

GMCA(O) — Pr

xS | Viele1W

Letuy,...,u, € " with some u; & €, thenw,; .= M - u]T * 0.
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ZE Error Lower Bounds MCA

pf (sketch): & C " of codimension r, M € " parity check matrix.

[G(x) Ue®
JE[f] u, & G

GMCA(O) — Pr
xXES

Letuy,...,u, € " with some u; & €, thenw,; .= M - u]T * 0.

Pr | jel?] < Pr [G(X) vl = ] < €r7r
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ZE Error Lower Bounds MCA

—rXn

pf (sketch): & C [ of codimensionr, M € [

Gx)-Ue®

€rca(0) = Pr [V-

xXES

Letu,,...,u, € [" with some U, & G,

D G);-w; =0

Pr | jel“] < Pr
XES XES
Viers] W, =+ 0

25

parity check matrix.

then w; := M - uT + 0.

(G(x) - VT =0| < ey

v =(wlil,...,wii])
fori € [r] s.t. Wj[i] = ()
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Zero-evading and MCA

pf: For all i € [n], define V(i) := (¢4[i], ..., ¢, [i]) — (u;[i], ..., u[i]). Then:



Zero-evading and MCA

pf: For all i € [n], define V(i) := (¢4[i], ..., ¢, [i]) — (u;[i], ..., u[i]). Then:

(xeS: TCT}={xeS:3ie[n\T,Gx) - -vi) =0}



Zero-evading and MCA

pf: For all i € [n], define V(i) := (¢4[i], ..., ¢, [i]) — (u;[i], ..., u[i]). Then:

(xeS: TCT}={xeS:3ie[n\T,Gx) - -vi) =0}

Takeaway: ZE error controls agreement

outside of correlated agreement set

26



MCA for Univariate Powers

Theorem (UDR): G: § — F+1 defined as x — (1,x, ...,xd) has MCA
for any linear code € C [, with error

Eviealy) =n-dl|S| for 1/n <y <o/(€+ 1)
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pf (sketch): Define the set of bad seeds:

3T C [n]
|1 T|>n-(1—-y)
(Gx)-U)|. € €|

Vier) Wil & €1y

27



MCA for Univariate Powers
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Eviealy) =n-dl|S| for 1/n <y <o/(€+ 1)
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MCA for Univariate Powers

Theorem (UDR): G: § — F+1 defined as x — (1,x, ...,xd) has MCA
for any linear code € C [, with error

Eviealy) =n-dl|S| for 1/n <y <o/(€+ 1)

pf (sketch): Define the set of bad seeds:

3T C [n] [TTT] [1T1] [TTT]
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Viele) Wlr & €y
Invertibility
+triangle inequality
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Assume|B| >n-d. Wefind ¢}, ...,c; € &:
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MCA for Univariate Powers

Theorem (UDR): G: § — F+1 defined as x — (1,x, ...,xd) has MCA
for any linear code € C [, with error

Eviealy) =n-dl|S| for 1/n <y <o/(€+ 1)

pf (sketch): Define the set of bad seeds:

3T C [n] [TTT] [1T1] [TTT]
T >n-(1-7) x: i § 13
Bi=17€5: 6w v, e, S TR S5
Viele) Wlr & €y
Invertibility
+triangle inequality
+UDR

Assume|B| >n-d. Wefind ¢}, ...,c; € &:

For all x € S, the closest codeword to G(x) - Uis Z G(x); - ¢
jElZ]
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MCA for Univariate Powers

pf (sketch): We have ¢}, ....c; € € s.t. for all x € S, the closest codeword to
G(x)-Uis Zjem G(x); - ¢

28



MCA for Univariate Powers

pf (sketch): We have ¢}, ....c; € € s.t. for all x € S, the closest codeword to
G(x)-Uis Zjem G(x); - ¢

For any x € B, let T, be a set like in the definition of B.

28



MCA for Univariate Powers

pf (sketch): We have ¢}, ....c; € € s.t. for all x € S, the closest codeword to
G(x)-Uis Zjem G(x); - ¢

For any x € B, let T, be a set like in the definition of B.

[TTT] [TTT] [TTT]
X ¢ 144
[T + - B - [

28



MCA for Univariate Powers

pf (sketch): We have ¢}, ....c; € € s.t. for all x € S, the closest codeword to
G(x)-Uis Zjem G(x); - ¢

For any x € B, let T, be a set like in the definition of B.

[TTT] [TTT] [TTT]
X ¢ 144
[T + - B - [T

I

X
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MCA for Univariate Powers

pf (sketch): We have ¢}, ....c; € € s.t. for all x € S, the closest codeword to
G(x)-Uis Zjem G(x); - ¢

For any x € B, let T, be a set like in the definition of B.

It must be that TC T.. ) = _¢ $ D:I:EI¢ 3
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agreement set between X

the u;’s and the c]*’s
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Extending to list-decoding

Theorem (List-decoding): If G: S — [ is MDS (of dim. £), then it
has MCA for any linear code € C F", with error

n
dl
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Extending to list-decoding

Theorem (List-decoding): If G: S — [ is MDS (of dim. ), then it
has MCA for any linear code € C F", with error

n
dl

Fancier counting
argument to restrict the Counting x’s such

# of possible 7"s that 7' C T,
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[AGHP92] generator:

g

C

q q q

G(x,v) = ((qb(xi))ie[f] v

F owith ¢ [ & S FX and G: |

2SIy

A
J-q S.t.
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g
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G(x,v) = ((qb(xi))ie[f] v
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Beyond polynomial generators

[AGHP92] generator:

g

q q q

G(x,v) = ((qb(xi))ie[f] - VT)
Gix) = (x,...,x%)

C [ «with @: J—ki FX and G: F . X

Gv) =V

2SIy

A
J-q S.t.



Beyond polynomial generators

[AGHPO2] generator: I, C I« With O : J-qk S _—’fl, and G: Pk X I

2SIy

G(x,v) = ((¢(xi))ie[f] )
Gix) = (x,...,x%) GV) =V

Lemma: this transformation (matrix-vector product) sums MCA errors

30
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