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Tensors
@ As a 3-dimensional array T e F" @ F" ® FP:
TijkeF
@ As a bilinear map 7': F" x F™ — FFP:

T(EY) =% 2= ), Tyrtiy;.
.3

Matrix multiplication (E, H, L):

T(X,Y)=X.Y, XeFEHyepi*l
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Tensors
@ As a 3-dimensional array T e F" @ F" ® FP:
TijkeF
@ As a bilinear map 7': F" x F™ — FFP:

T(EY) =% 2= ), Tyrtiy;.
.3

@ In symmetric form (trilinear form):

T(fv ya 7) = Z T;]kxzyjzk
4,5,k
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Bilinear computation vs. Turing machine

Tensors Boolean
TS Reduction
(n) TIME[n]
T®S Solve simultaneously
T®S ?
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Bilinear computation vs. Turing machine

Tensors Boolean
T<8 Reduction
(n) TIME[n]
T®S Solve simultaneously
T®S ?

LetT:U1 XV1—>W1,SZU2XVY2—>W2.
@ WesayT < S'if
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Bilinear computation vs. Turing machine

Tensors Boolean
T<8 Reduction
(n) TIME[n]
T®S Solve simultaneously
T®S ?

Let T: Ui XV1—>W1,SZ Uy x Vo — Ws.
@ Wesay T < Sif3linearmaps a: Uy —» Uy, 8: Vi — V3

T(z,y) = S(az,py)
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Bilinear computation vs. Turing machine

Tensors Boolean
T<8 Reduction
(n) TIME[n]
T®S Solve simultaneously
T®S ?

LetT:U1 XV1—>W1,SZU2XVY2—>W2.

@ Wesay T < Sif3linearmaps a: Uy — Uy, 8: Vi — Vo and y: Wy —» W,
s.t.

T(z,y) = vS(ax, 5Y)
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Bilinear computation vs. Turing machine

Tensors Boolean
T<S Reduction

(n) TIME[n]
T®S Solve simultaneously
T®S ?

LetT:U1 XV1—>W1,SZU2X%—>W2.

@ Wesay T < Sif3linearmaps a: Uy — Uy, 8: Vi — Vo and y: Wy —» W,
s.t.

T(z,7) = vS(az, BY)
solve S “=" solveT.
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Bilinear computation vs. Turing machine

Tensors Boolean
T<S Reduction

(n) TIME[n]
T®S Solve simultaneously
T®S ?

LetT:U1 XV1—>W1,SZU2X%—>W2.

@ Wesay T < Sif3linearmaps a: Uy — Uy, 8: Vi — Vo and y: Wy —» W,
s.t.

T(z,y) = vS(ax, 5Y)

@ Or symmetrically:
T=(A®B®0)S
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Bilinear computation vs. Turing machine

Tensors Boolean
TS Reduction
(n) TIME[n]
T®S Solve simultaneously
T®S ?

The rank R(T) of T'is at most r if T < {r). Or equivalently:
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Bilinear computation vs. Turing machine

Tensors Boolean
TS Reduction
(n) TIME[n]
T®S Solve simultaneously
T®S ?

The rank R(T) of T'is at most r if T < {r). Or equivalently:

@ It only requires r multiplications to compute T": There are linear forms
a;, B (L <i<r)let

Vi = oi(T) - Bi(Y),
every output of 7' is a linear combination of the ~;.
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Bilinear computation vs. Turing machine

Tensors Boolean
TS Reduction
(n) TIME[n]
T®S Solve simultaneously
T®S ?

The rank R(T) of T'is at most r if T < {r). Or equivalently:

@ It only requires » multiplications to compute T'.
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Bilinear computation vs. Turing machine

Tensors Boolean
TS Reduction
(n) TIME[n]
T®S Solve simultaneously
T®S ?

The rank R(T) of T'is at most r if T < {r). Or equivalently:
@ It only requires » multiplications to compute T'.

@ Or symmetrically, T has a tensor rank decomposition

T = ia,®b1®cz

i=1
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Bilinear computation vs. Turing machine

Tensors Boolean
TS Reduction

(n) TIME[n]
T@®S Solve simultaneously
T®S ?

Let
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Bilinear computation vs. Turing machine

Tensors Boolean
TS Reduction
(n) TIME[n]
T@®S Solve simultaneously
T®S ?

Let
EZT(T,y), EZS(E’E)

be two bilinear problems. Then the direct sum T'@® S computes
(Ea w) = (T(fa ?),S(ﬂﬁ))
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Bilinear computation vs. Turing machine

Tensors Boolean
TS Reduction
(n) TIME[n]
T@®S Solve simultaneously
T®S ?

Let
EZT(T,y), EZS(E’E)

be two bilinear problems. Then the direct sum T'@® S computes
(Ea w) = (T(fa ?),S(ﬂﬁ))

@ Fact: (n) ®@<{m) = (n +m).
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Bilinear computation vs. Turing machine

Tensors Boolean
TS Reduction
(n) TIME[n]
T®S Solve simultaneously
T®S ?

Let
EZT(Tay), EZS(E’ﬁ)

be two bilinear problems. Then the direct sum T'@® S computes
(Ea w) = (T(fv y),S(ﬂ75)>

@ Fact: (n) ®@<{m) = (n +m).
@ Clearly, R(T @ S) < R(T') + R(S), which can be strict! [Shitov'19]
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Bilinear computation vs. Turing machine

Tensors Boolean
TS Reduction
(n) TIME[n]
T®S Solve simultaneously
T®S ?

I'm not going to define what a tensor product is. Instead:
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Bilinear computation vs. Turing machine

Tensors Boolean
TS Reduction
(n) TIME[n]
T®S Solve simultaneously
T®S ?

I'm not going to define what a tensor product is. Instead:
@ (n)®{m) = (nm),
@ (Ey,Hy,L1)®(FE2,Ha, Loy ={FE1Ey, H Hy, L1 Ls)
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Bilinear computation vs. Turing machine

Tensors Boolean
TS Reduction
(n) TIME[n]
T®S Solve simultaneously
T®S ?

I'm not going to define what a tensor product is. Instead:
@ (n)®{m) = (nm),
@ (Fy,Hi,L1)®{(Es, Hy,Ly) ={FE1Ey, H Ho, L1 Lo)

@ Tensor power T®" captures “convolutions” widely used in exponential /
fixed-parameter algorithms.
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Asymptotic Rank
C(T) = QR(T))

@ Rank counts #multiplications and thus lower bounds circuit
complexity.
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Asymptotic Rank

C(T@n) _ R(T®n)1+o(1)

@ Rank counts #multiplications and thus lower bounds circuit
complexity.
@ For tensor powers, they become equivalent.
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Asymptotic Rank
C(T®n) _ R(T®n)1+o(1)

@ Rank counts #multiplications and thus lower bounds circuit
complexity.

@ For tensor powers, they become equivalent.

@ Rank can drop under tensor powers

R(T®") < R(T)"
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Asymptotic Rank
C(T®n) _ R(T®n)1+o(1)

@ Rank counts #multiplications and thus lower bounds circuit
complexity.
@ For tensor powers, they become equivalent.
@ Rank can drop under tensor powers
R(T) = lim R(T®")Y/" < R(T®™)M/"

L 1 n—o0
asymptotic rank
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Matrix multiplication exponent over time

w Pan'78
Strassen '6%ini et al. '79

28 1

2.7 1
Schénhage '81 w < 2.522

2.6 1 Romani '82 w < 2.517
Coppersmith-Winograd '82  w < 2.496

2571 2010-24 refinements

al Strassen ‘86 Coppersmith-Winograd 90 ¢ < 2.371339

1970 1980 1990 2000 2010 2020 year

w is the number satisfying R({(n, n,n)) = n*.
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Matrix multiplication exponent over time

w Pan'78
Strassen '6%ini et al. '79

28 1

2.7 1
Schénhage '81 w < 2.522

2.6 1 Romani '82 w < 2.517
Coppersmith-Winograd '82  w < 2.496

2571 2010-24 refinements

al Strassen ‘86 Coppersmith-Winograd 90 ¢ < 2.371339

1970 1980 1990 2000 2010 2020 year

We will focus on the story behind this part.
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Methods for matrix multiplication

In 1981, Schonhage proved the following beautiful theorem:

Theorem (Asymptotic Sum Inequality [Schénhage’81])
If we can bound a direct sum

¢
@<E;, Hy, Ly < (r),
=1
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Methods for matrix multiplication

In 1981, Schonhage proved the following beautiful theorem:

Theorem (Asymptotic Sum Inequality [Schénhage’81])
If we can bound a direct sum (< is a border version of <)

0
<—D<E7,7 Hi; L’L> S <T>l
i=1
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Methods for matrix multiplication

In 1981, Schonhage proved the following beautiful theorem:

Theorem (Asymptotic Sum Inequality [Schénhage’81])
If we can bound a direct sum

l ¢
C—D<Ei> H;, Ly <), then Z(EiHiLi)w/3 <.
=1 i=1
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Methods for matrix multiplication

In 1981, Schonhage proved the following beautiful theorem:

Theorem (Asymptotic Sum Inequality [Schénhage’81])
If we can bound a direct sum

l ¢
®<Ei> H;, Ly <), then Z(EiHiLi)w/g <.
i=1 i=1

@ The celebrated Schénhage direct sum (1981)

n,I,my@{d,(n—1)(m—1), 1)< m+ 1)

gives w < 2.55 by instantiating n = m = 4.
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Methods for matrix multiplication

In 1981, Schonhage proved the following beautiful theorem:

Theorem (Asymptotic Sum Inequality [Schénhage’81])
If we can bound a direct sum

l V4
XE;, Hi, Liy< (r), then Y (E:H;L)** <.
i=1 i=1

@ The celebrated Schénhage direct sum (1981)

n,I,my@{,(n—1)(m—-1),1){nm+ 1)

gives w < 2.55 by instantiating n = m = 4.
@ Backbone of all later developments, including the Laser Method.
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A legacy issue
In his 1981 paper, Schonhage used a “rather formidable identity":

(1,5,20)®<10,2,5) ®<10,10, 1) < {132) ® 6(1, 1, 2). (*)
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In his 1981 paper, Schonhage used a “rather formidable identity":

(1,5,205®{10,2, 5> ®<10,10, 1) < (132) D 6(1,1,2) . (*)

!

The RHS is not a pure diagonal; his theorem does not apply directly!
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In his 1981 paper, Schonhage used a “rather formidable identity":

(1,5,205®{10,2, 5> ®<10,10, 1) < (132) D 6(1,1,2) . (*)

!

The RHS is not a pure diagonal; his theorem does not apply directly!
Race to analyze (*):
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In his 1981 paper, Schonhage used a “rather formidable identity":

(1,5,205®{10,2, 5> ®<10,10, 1) < (132) D 6(1,1,2) . (*)

!

The RHS is not a pure diagonal; his theorem does not apply directly!
Race to analyze (*):

@ Schonhage's own paper gives w < 2.521801.
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A legacy issue
In his 1981 paper, Schonhage used a “rather formidable identity":

(1,5,205®{10,2, 5> ®<10,10, 1) < (132) D 6(1,1,2) . (*)

!

The RHS is not a pure diagonal; his theorem does not apply directly!
Race to analyze (*):

@ Schonhage's own paper gives w < 2.521801.
@ Romani (1982) gives w < 2.516649.
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A legacy issue
In his 1981 paper, Schonhage used a “rather formidable identity":

(1,5,205®{10,2, 5> ®<10,10, 1) < (132) D 6(1,1,2) . (*)

The RHS is not a pure diagonal; his theorem does not apply directly!
Race to analyze (*):
@ Schonhage's own paper gives w < 2.521801.
@ Romani (1982) gives w < 2.516649.
@ Later, Pan and Schénhage realized that the “answer” should be

(5-20)%/3 + (10-2-5)%/3 + (10 - 10)*/* < 132 4 6 - 29/3,
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A legacy issue
In his 1981 paper, Schonhage used a “rather formidable identity":

(1,5,205®{10,2, 5> ®<10,10, 1) < (132) D 6(1,1,2) . (*)

!

The RHS is not a pure diagonal; his theorem does not apply directly!
Race to analyze (*):
@ Schonhage's own paper gives w < 2.521801.
@ Romani (1982) gives w < 2.516649.
@ Later, Pan and Schénhage realized that the “answer” should be

3-100%/3 < 132 4 6 - 2¢/3,
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A legacy issue
In his 1981 paper, Schonhage used a “rather formidable identity":

(1,5,205®{10,2, 5> ®<10,10, 1) < (132) D 6(1,1,2) . (*)

The RHS is not a pure diagonal; his theorem does not apply directly!
Race to analyze (*):

@ Schonhage's own paper gives w < 2.521801.
@ Romani (1982) gives w < 2.516649.
@ Later, Pan and Schénhage realized that the “answer” should be

3-100%/3 < 132 4 6 - 2¢/3,

which gives w < 2.516094.
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A legacy issue
In his 1981 paper, Schonhage used a “rather formidable identity":

(1,5,205®{10,2, 5> ®<10,10, 1) < (132) D 6(1,1,2) . (*)

!
The RHS is not a pure diagonal; his theorem does not apply directly!
Race to analyze (*):
@ Schonhage's own paper gives w < 2.521801.
@ Romani (1982) gives w < 2.516649.
@ Later, Pan and Schénhage realized that the “answer” should be

3-100%/3 < 132 4 6 - 2¢/3,
which gives w < 2.516094.

» They both claimed a proof independently, but for some reason,
neither was ever published.
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An analogy with physics

The asymptotic sum
inequality

3

:!-i{ <@<nla Ny, nl>> <r

)
Zn;" <r
)
Z%«nununi» <7

“The best way to do repeated tasks
is to do them independently.”
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Fermat’s principle of optics

medium nq

N

medium ns ‘
B

“Light is minimizing its travel time.”
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An analogy with physics

The asymptotic sum
inequality

]i{ <@<nla Ny, TL1>> <r

)
En;" <r
)
Z%(@ununi» <7

“The best way to do repeated tasks
is to do them independently.”

Fermat’s principle of optics

A

|
4 l
o I
medium nq P r
|
&

>ﬂ\
|
|

medium ng
B

“Light is minimizing its travel time.”

It shouldn’t be merely a verifiable fact.

Alman & Li (Columbia)
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An analogy with physics

The asymptotic sum
inequality

:!-i{ <@<nla Ny, nl>> <r

)
En;" <r
)
ij(@uni,ni» <7

“The best way to do repeated tasks
is to do them independently.”

Higher principle
The asymptotic spectrum duality
[Strassen’88]

Alman & Li (Columbia)

Fermat’s principle of optics

medium nq

N
medium no |

‘ B

“Light is minimizing its travel time.”

Higher principle
The principle of least action
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Asymptotic spectrum duality

The asymptotic rank R is defined by minimization:

R(T) = lim R(T®")"/" = inf R(T®")"/".

n—o0
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Asymptotic spectrum duality

The asymptotic rank R is defined by minimization:

R(T) = lim R(T®")Y/™ — inf R(T®")V/".

n—o0

Strassen developed the dual theory of asymptotic spectrum:
Theorem (Strassen, 1988)

The asymptotic rank R(T) can be expressed as a maximization:

R(T) = max ¢(7),
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Asymptotic spectrum duality

The asymptotic rank R is defined by minimization:

R(T) = lim R(T®")"/" = inf R(T®")"/".
Strassen developed the dual theory of asymptotic spectrum:
Theorem (Strassen, 1988)

The asymptotic rank R(T) can be expressed as a maximization:

R(T) = max ¢(7),

where X is the set of nonzero ¢: {tensors} — R~ satisfying:
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Asymptotic spectrum duality

The asymptotic rank R is defined by minimization:

R(T) = lim R(T®")Y" = inf R(T®")/".

n—o0

Strassen developed the dual theory of asymptotic spectrum:
Theorem (Strassen, 1988)

The asymptotic rank R(T) can be expressed as a maximization:

R(T) = T
R(T) = migx 6(T),
where X is the set of nonzero ¢: {tensors} — R~ satisfying:

@ 9(S)<o(T)ifS<KT (respecting order)
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Asymptotic spectrum duality

The asymptotic rank R is defined by minimization:

R(T) = lim R(T®")"/" = inf R(T®")"/".
Strassen developed the dual theory of asymptotic spectrum:
Theorem (Strassen, 1988)

The asymptotic rank R(T) can be expressed as a maximization:

R(T) = max ¢(7),

where X is the set of nonzero ¢: {tensors} — R satisfying:
@ §(S)<o(T)ifS<T
® $(S®T) = §(S) + #(T) |
@ H(SQRT) = ¢(9) - o(T) (respecting algebra)

(respecting order)

v

Alman & Li (Columbia)
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Asymptotic spectrum duality

The asymptotic rank R is defined by minimization:

R(T) = lim R(T®")Y/™ — inf R(T®")V/".

n—o0

Strassen developed the dual theory of asymptotic spectrum:
Theorem (Strassen, 1988)

The asymptotic rank R(T) can be expressed as a maximization:

R(T) = max ¢(7),

o . X:the asymptotic spectrum of tensors
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Asymptotic spectrum duality cont.

Strassen duality
R(T) = maxgex (7). J

(=] ) = = = QO

DQAC
Alman & Li (Columbia)
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Asymptotic spectrum duality cont.

Strassen duality
R(T) = maxgex ¢(T). J

@ Do we know the description of X?
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Asymptotic spectrum duality cont.

Strassen duality
R(T) = maxgex ¢(T). J

@ Do we know the description of X?
» Not really. If we did, we could determine w!
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Asymptotic spectrum duality cont.

Strassen duality
E(T) = maxd)e;( Cb(T) J

@ Do we know the description of X?
» Not really. If we did, we could determine w!
» The theory of X is nonconstructive (AoC); the first family of explicit
points was constructed 3 decades later [Strassen91]
[Christandl-Vrana-Zuiddam'23].
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Asymptotic spectrum duality cont.

Strassen duality
E(T) = maxd)e;( ¢(T) J

@ Do we know the description of X?

» Not really. If we did, we could determine w!

» The theory of X is nonconstructive (AoC); the first family of explicit
points was constructed 3 decades later [Strassen91]
[Christandl-Vrana-Zuiddam'23].

@ But Strassen duality can still be useful!
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Asymptotic spectrum duality cont.

Strassen duality
E(T) = maxd)e/\g ¢(T) J

@ Do we know the description of X?

» Not really. If we did, we could determine w!

» The theory of X is nonconstructive (AoC); the first family of explicit
points was constructed 3 decades later [Strassen91]
[Christandl-Vrana-Zuiddam'23].

@ But Strassen duality can still be useful!
» Reproving the asymptotic sum inequality.
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Asymptotic spectrum duality cont.

Strassen duality
E(T) = maxd)e/\g ¢(T) J

@ Do we know the description of X?

» Not really. If we did, we could determine w!

» The theory of X is nonconstructive (AoC); the first family of explicit
points was constructed 3 decades later [Strassen91]
[Christandl-Vrana-Zuiddam'23].

@ But Strassen duality can still be useful!
» Reproving the asymptotic sum inequality.
» Derive upper bounds for depth-2 circuits [Alman-L.25].
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Asymptotic spectrum duality cont.

Strassen duality
E(T) = max¢€X ¢(T) J

@ Do we know the description of X?

» Not really. If we did, we could determine w!

» The theory of X is nonconstructive (AoC); the first family of explicit
points was constructed 3 decades later [Strassen91]
[Christandl-Vrana-Zuiddam'23].

@ But Strassen duality can still be useful!
» Reproving the asymptotic sum inequality.
» Derive upper bounds for depth-2 circuits [Alman-L.25].
» This work: derive new asymptotic rank upper bounds.
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Strassen calculus

A toy problem
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@ If R(cwg) = 3, then w = 2! But currently, it is only known that
g+ 1<R(cwy) <R(ewy) =g +2.

@ Previously, it was shown that small tensor powers of cw, cannot
improve the border-rank bound
[Conner-Gesmundo-Landsberg-Ventura'20].
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Another technical ingredient: Speedup theorems.
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Speedup theorems

Theorem ([Coppersmith-Winograd'82] [Strassen’88])

If a degeneration T < S satisfies certain technical conditions, we can “speed
up” the identity to

Te{,t,1)<1SH,s,1),
wheret > s.
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Speedup theorems

Theorem ([Coppersmith-Winograd'82] [Strassen’88])

If a degeneration T < S satisfies certain technical conditions, we can “speed
up” the identity to

Te{,t,1)<1SH,s,1),
wheret > s.

@ CW (1982) showed that any identity applicable to the asymptotic sum
inequality is not optimal, which led to their estimate w < 2.5.

@ Strassen (1988) showed a qualitative result: R(T) < R(T) if T is not of
minimal border rank.

@ Our contributions:

@ Generalize previous speedup theorems to be more modular
© Complement with Strassen calculus, which helps obtain a
quantitative version and a concrete bound on cws.
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