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Algebraic Circuits

Natural model for computing polynomials.
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» Polynomial identity testing (PIT): given a circuit C, decide
C = 0 deterministically:

White-box: the circuit is given as input.
Black-box: algorithm has query/oracle access to circuit.

> A fundamental problem with applications in algorithms and
complexity theory, closely related to circuit lower bounds
[Heintz Schnorr 1980, Kabanets Impagliazzo 2004].

» By depth reduction [Agrawal Vinay 2008, Koiran
2012, Tavenas 2015]: “morally” sufficient to study depth-4
circuits
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m m m

Ax) + B(x) + C(x) = [Jasx) + [ 5 x) + [ ex(x) =0

i=1 j=1 k=1

» Non-SG Circuits: there is « € CV such that
A(a) = B(a) =0 but C(a) # 0, that is

Z(A,B) £ 2(C)
Not possible to be an identity

» SG circuits: Z(A, B) C Z(C) (all three cases).

Circuit may or may not be an identity:
22—y —(z—y)(x+y) =0 (identity)

=+ (x—y)(x+y) =2>—y?)  (not identity)
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A(x) + B(x =[[a+]]b+]ex

with Z(A, B) C Z(C') (and permutations).

— l_[c;C = 0 whenever a; = b; = 0.

Algebraically,
Z(A,B) C Z(C) < C erad(A, B) C rad(ai,bj).

Since a;, b; are linear functions, (a;,b;) is a prime ideal:

1_[011c € (ai,bj) = 3Jksuch thatcy € (a;,b)).

=: SGdircuit <= Vi, j, 3k s.t. ¢ € spanc {a;, b;}
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» [Sylvester 1893, Melchior 1940, Erdos 1943, Gallai 1944]
Suppose F C R? is a finite set such that for every p,q € F
there is a third point » € F on the line joining p, g.

Then, F lies on a line.

> [Edelstein Kelly 1966] (Colored version):
Let A, B,C C RY be disjoint finite subsets of points such
that the line defined by two points of different sets must
intersect the third.

Then dimspang(AU BUC) < 3.

» [Hansen 1966] (Higher dimension):
F C RY finite, such that for every k points p1,...,pp € F
and any other point p € F, either p € aff-spang(p1,...px) or
|aff-spang (p1,...pk,p) N F| >k + 1.

Then, dimspang(F) < SG(k,R).
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Rank bounds for depth-3 circuits

Given X"IIY circuit

o= Z H lij  define  rank(®) := dimspang {/;;}
i=1 j=1

[Dvir S. 2007] simple and minimal X"IIX identities have
small rank.

[Kayal Saraf 2009, Saxena Seshadri 2013] by variants of
Sylvester-Gallai theorem: If ® € X"TIX is a simple and
minimal identity then rank(®) < A(r).

[Karnin S. 2008] constant rank bounds imply deterministic,
polynomial-time black-box PIT.

What about depth-4 circuits?
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Rank of depth-4 circuits

» Rank of YX'TIXIIY circuits:

¢ = Z H Pij, deg(P;;) <d, rank(®):=dimspanyg {F;;}.
i=1 j=1

> [Beecken Mittmann Saxena 2013] constant rank bounds
for (minimal and simple) X7TIXII¢ identities imply
polynomial-time deterministic black-box PIT for X" TIXII¢,
» Challenges: Consider a L3IIXII? circuit:

A(x) + B(x Haz+Hb +H0k
SG circuit: Z(A, B) C Z(C) (and permutations).
C €rad(A,B) Crad(a;,bj) = [[ex € rad(ai, b))

The ideal need not be prime. We cannot “split” the product.
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[Garg Oliveira Sengupta 2025]: There is A : N — N such
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Our results

» Main theorem: There is A : N — N such that every (simple
and minimal) YTTIXII? identity has rank at most A(r).

— Polynomial-time black-box PIT for £"IIXII? circuits.

» This resolves another conjecture of [Gupta 2014] concerning
r sets of quadratic forms.

» Proof overview:
Generalizes approach and techniques of [Kayal Saraf 2009]

Requires tools from [Ananyan Hochster 2020, Oliveira
Sengupta 2024, Garg Oliveira Sengupta 2025] to work
modulo ideals generated by higher degree polynomials

Needs approximate quadratic Hansen's theorem.
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Kayal-Saraf proof strategy

Simple minimal S7TIY identity & = Y T}

=1

Pairwise rank: r; ;(®) := dimspanc {T;AT}}

Some pairwise
rank is small

Y

Set forms in T; AT}
to “generic” scalars.

Merge the two gates

Y

( N N )
Large pairwise ranks,

and 3 “rank pre-
serving” linear form

(. J

( N N )

Large pairwise ranks,
no rank preserv-
ing linear form

!

Y

(I eT; st setting\
{ = 0 preserves
large pairwise rank.

/

Reduce top fanin

Linear forms
satisfy Hansen's
incidence conditions.

| Obtain a rank bound |

!

T~

In the first two cases, apply induction on the top fanin; in
the last case, Hansen's theorem directly gives low rank.
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Challenges in extending this approach

> Setting a linear form to zero gives rise to another polynomial
ring, but setting a quadratic to zero results in rings that are
less “nice”. To apply induction we have to work over more
general rings.
We use strong algebras and general quotients from [Ananyan
Hochster 2020, Oliveira Sengupta 2024, Garg Oliveira
Sengupta 2025] and introduce targeted general quotients to
obtain nice and suitable rings during the induction.
» Unlike the linear case, the pairwise rank of product terms in
quotient rings is affected by subtle algebraic-geometric
phenomena and is harder to control.

» Approximate quadratic Hansen theorem: F family of
quadratics s.t.: for every b quadratics from F, either their
span contains another member of F, or a low rank form.

Then, there exists a constant-dimensional space V' such that
every () € F is close to V.




Proof outline

Simple minimal X TIXII? identity
Pairwise rank: r; ;(®) := dimspanc {T;AT}}




Proof outline

Simple minimal X TIXII? identity
Pairwise rank: r; ;(®) := dimspanc {T;AT}}

p—

[ Some pairwise ]

rank is small




Proof outline

Simple minimal X TIXII? identity
Pairwise rank: r; ;(®) := dimspanc {T;AT}}

]

p—

Some pairwise
rank is small

~N

J

Y

|\

General quotient
merges two gates
— induction on r

J




Proof outline

|

Simple minimal X TIXII? identity
Pairwise rank: r; ;(®) := dimspanc {T;AT}}

L

J

Some pairwise
rank is small

J

A

/

|\

General

quotient

merges two gates

— induction on 7r

arge pairwise ranks,
3 rank-preserving
quotient

J




Proof outline

Simple minimal X TIXII? identity
Pairwise rank: r; ;(®) := dimspanc {T;AT}}

L

. . N\
— ~ [ Large pairwise ranks,
Some pairwise

| 3 rank-preserving
rank is small ) .
quotient

J

) !

Y

( N N )
Quotient kills a gate,
preserves large
pairwise rank

General quotient
merges two gates
— induction on r

J

— induction on r

(. J




Proof outline

Simple minimal X TIXII? identity
Pairwise rank: r; ;(®) := dimspanc {T;AT}}

Some pairwise
rank is small

J

Y

(.

General quotient
merges two gates
— induction on r

J

( . . )
Large pairwise ranks,
3 rank-preserving
quotient

y

(Quotient kills a gate,\
preserves large
pairwise rank

— induction on r

(S

(. J

I

Large pairwise ranks,
no useful quotient

)




Proof outline

Simple minimal X TIXII? identity
Pairwise rank: r; ;(®) := dimspanc {T;AT}}

Some pairwise
rank is small

J

Y

(.

General quotient
merges two gates
— induction on r

J

( . . )
Large pairwise ranks,
3 rank-preserving
quotient

y

(S J

( . N )
Large pairwise ranks,
no useful quotient

Y

( N N )
Quotient kills a gate,
preserves large
pairwise rank

— induction on r

(. J

Approximate
Hansen theorem
= quadratics close
to a small algebra




Proof outline

Simple minimal X TIXII? identity
Pairwise rank: r; ;(®) := dimspanc {T;AT}}

'd . . N\
- ~ [ Large pairwise ranks,

Some pairwise .
P 3 rank-preserving

rank is small .
- “ L quotient

( . N )
Large pairwise ranks,
no useful quotient

) |

+ \d

(Quotient kills a gate,\ Approximate
preserves large Hansen theorem
pairwise rank = quadratics close

= induction on r to a small algebra

\
General quotient
merges two gates

— induction on r

(. J

(. J

Small algebra
contains some
symmetric difference
(. J




Proof outline

Simple minimal X TIXII? identity
Pairwise rank: r; ;(®) := dimspanc {T;AT}}

'd . . N\
- ~ [ Large pairwise ranks,

Some pairwise .
P 3 rank-preserving

rank is small .
- “ L quotient

( . N )
Large pairwise ranks,
no useful quotient

) |

+ \d

(Quotient kills a gate,\ Approximate
preserves large Hansen theorem
pairwise rank = quadratics close

= induction on ] | to a small algebra

3 rank-preserving )

targeted quotient

\
General quotient
merges two gates

— induction on r

(. J

Small algebra
contains some
symmetric difference
(. J




Proof outline

Simple minimal X TIXII? identity
Pairwise rank: r; ;(®) := dimspanc {T;AT}}

'd . . N\
- ~ [ Large pairwise ranks,

Some pairwise .
P 3 rank-preserving

rank is small .
- “ L quotient

( . N )
Large pairwise ranks,
no useful quotient

) |

+ \d

(Quotient kills a gate,\ Approximate
preserves large Hansen theorem
pairwise rank = quadratics close

= induction on ] | to a small algebra

J rank-preserving | [ Quotient makes all )

targeted quotient | | quadratics reducible |

\
General quotient
merges two gates

— induction on r

(. J

Small algebra
contains some
symmetric difference
(. J




Proof outline

4 . N A
Large pairwise ranks,
no useful quotient

Simple minimal X TIXII? identity
Pairwise rank: r; ;(®) := dimspanc {T;AT}}
- — S [ Large pairwise ranks, A
Some pairwise .
| 3 rank-preserving
rank is small .
~ N\ quotient )

\d
General quotient
merges two gates
= induction on r

J

y

( N N )
Quotient kills a gate,
preserves large
pairwise rank

= induction on r |

Approximate
Hansen theorem
= quadratics close
to a small algebra

Small algebra
contains some

| symmetric difference )
/

—

3 rank-preserving
targeted quotient

(" Quotient makes all )

| quadratics reducible |

v

\

tion, or reduce to depth 3 and use the known rank bound.

[ In every case, either reduce the top fanin and apply induc- ]
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