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The goal of IS to compute the following quantity,

dist(y, code(A)) = min [|[Ax — y||,.

x€el;
Gap : Given y, A and d distinguish between,
. YES Case: dist(y,code(A)) < d.

. NO Case: dist(y,code(A)) > vd.
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Gap-k- . Given y and A distinguish between,
» YES Case: dist(y,code(A)) < k.
* NO Case: dist(y,code(A)) > vk.
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For a parity-check matrix H and a syndrome s, the goal is to find the
minimum-weight error vector e such that,
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Gap MLD: Given H, s and d distinguish between,
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Parameterized Gap-ViLD

Gap-k-MLD: Given H and s distinguish between,

» YES Case: de,suchthat |le||g < kand H:-e =y.

« NO Case: Ve, suchthat ||e||p> vk = H-e #s.




< MLD

~
A.b=Ax+ e
!
H,c:=Hb=H-Ax+ He o
!
H,He = c

/
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How to Decode?

Given a noisy codeword Ax + e, we want to decode out x.

Since there are 2 choices of variables x and e, what should we
brute force on?

If we brute force on x, our time complexity is | X | = 200

If we know the hamming weight of error is bounded by k then
If we brute force on e, our time complexity is

k
El = ™Y . giz mOw
[E| = ) a=mT

=1

Hence the best brute force algorithm will switch at

n
k=0< )
log m
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Exponential Time Hypothesis: ETH-|IPO1]

Consider an instance of 3 SAI,

(I) — Cl N\ Cz/\ EERVAN Cm, C} — j,l ij,Z VZj,ga Zj,k c {xiaxic ‘ l S [n]}

« ETH says any algorithm deciding the satisfiblity of ®, must take 244 time.

« ETH (randomized) is same as ETH but also infers all randomized algorithms.
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A reduction from 3SAT with n variables to Gap-NCP instance A

m X n’
n= 0(mny),m= 0O(ny), and some constants o,y > 1 .

b over [Fq with

. YES Case: dx = (x{, ...,x,) € [/ suchthat, ||[Ax—b|[y<a-m.

. NO Case: Vx =(xi,...,x,) € [, such that, [[Ax —bl|g>y-a-m.
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Hardness of Gap-VILD [BHIRW24]

A reduction from 3SAT with n variables to Gap-MLD instance H

m—n X m?
n = O(ny) variables and m = O(n,) and some constants a, y > 1,

C over I]:q with

YES Case: 3 |le||g < a-mand He =c.

NO Case: |le||<y-a-m = He # .
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Hardness of Gap-k- /MLD

Result | Assumption I Lower bound | Approx. factor
[Man20] randomized Gap-ETH No m°™ algorithm all constant factors
[BKM25]} ETH No m°*/1°¢"k) algorithm all constant factors
Our result ETH No m°™) algorithm some constant factor
8:%_?;::} randomized ETH :;u::;f(%cjv(;ﬁtmilé o some constant factor
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Reduction Sketch

| | » YES Case: c is in span of some am hs.

hy hy - h,|-e=c, « NO Case: cis not in the span of any
] | yam hs.

E—n)(m
HeF"

* [o get parametrized hardness we would want to take the above as input,
and a parameter k and generate H' and ¢’ such that,

e YES Case: ¢’is in the span of some k columns of H'.

» NO Case: c’is not in the span of any vk columns of H'.
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Naive Grouping Reduction

* New size,

M:qam/k. (ﬁ)
k|
1

< 20" %)

 Since m = O(ny) , no D0()
algorithm for 3-SAT, implies no

k
M%) algorithm for Gap-k-
MLD.

 Already better !l! &2
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To group more cleverly we will need the following properties from the set of
groups G C 2"

« Partition Property: For any subset S of am elements of |m], there exists
< k disjoint sets in G such that their union is exactly S.

o Size of Subsets: Size of all subsets P € G to be bounded,
|P| < (1+o)amlk.

. Size of Family: | also want |G| = 2000,
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A set of partition functions { fi}?':1 from [m] to [ k] such that,
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Partition Family — Cover Family
. Foreveryf. € {fi}?’=1 and j € k], consider X;; =fl._1(j).

» Now our cover family G will be just collection of all subsets of size <
(1 + 6)am/k of all X;; .(Size of Subsetsid)

» Since | X;;| < Cm/k implies number of subsets of X;; is bounded by pLmik

+ Hence |G| <20k . d . k. (Size of Family £2)

S0 we just need to bound d.

» We can show that if we sample f’s uniformly at random the above can be
attained with d = O(k) .
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 Subset Balancing — Partition Property

Subset Balancing: For every S C |[m] of size am there

exists a partition f; such that f; partitions S evenly, or in
other words,

Vi e[kl |f'(G)nS| < (1 + Samlk.

Partition Property: For any subset S of am elements of
[m], there exists < k disjoint sets in G such that their
union is exactly S.
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e Subset Balancing — Partition Property

Subset Balancing: For every S C [m] of size am there

exists a partition f; such that f; partitions S evenly, or in
other words,

Vie [kl | (G)nS| < (1 + 8amlk.
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« Setd = [log, m]| .
» Now consider all functions from [d]| — [k].

e There will be at least m different functions
181>82° " &m1}-

» Write the g;’s as the columns of a table and
take partition functions f.’s to be the rows.

1
g(1)
g:(2)
g:1(3)

g,(d)

Derandomization of Partitions
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