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» Verifier: (X, X@_ .. x®y ~

Verifier: (X, Y, Z) ~ & uniformly. » Answers AV = FO(X) € g
S levoe iyl - win: V(XD X®), 4D, a0 =1

» val(&) is maximum winning probability
& = {(0,0,0),(,1,1),(1,0,1),(0,1,1)}
Motivation: Interactive Proofs and PCPs
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n

Ay, Ay, . A, C,,C,...,C,

\AA4 vvy vvy

Verifier:

(Xiv Yia Zl) ~ /’t
independently for i € [n]

Win Condition: For all i € [n],
VIX,Y.,Z,A,B.,C)=1

12 Lo~y L Mo
val(Z®") = value of the repeated game

Similarly for general k-player games
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Question [BGKW88, FRS94]: What can we say about val(€®")?

» Easy to see that val(Z%®") > val(©)".
The players can just play optimally in each coordinate.

RQny __ n

»  [For89, Fei91, FV02, Raz11] There exist (2-player) games such that val(€%®") > val(©)".
> Subtle point: (A, ...,A,) =f(X;,....,X).
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Let € have val(€) < 1. What can we say about val(£®")?

Two Player Games:
> [Raz98, Hol09, DS14] If val(€) < 1, then val(£®") < 2790

Multiplayer games (k > 3):
> [Ver96] If val(€) < 1, then val(Z®") - Qasn — .

« =~ l/a(n), where a denotes inverse-Ackermann: Density Hales-Jewett.

> [DHVY17] Exponential bounds for “connected games”
> [HR20, GHMRZ21, GHMRZ22, GMRZ22, BKM23, BBKLM25, BBKLMMZ26] Better decay

bounds for different special classes of games.
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» PCPs and Hardness of Approximation [BGS98, Has01, Fei96, ...]
» Geometry of Foams (tiling the space) [FKOO7, KORWO08, AKO9]
»  Quantum Information [CHTWO04]
» Communication Complexity [PRW97, BBCR10, BRWY13]

»  Strong bounds (disproven by [Raz11]) would have shown equivalence between Gap-MaxCut and UGC

Multiplayer Games:
»  [MR21] Strong parallel repetition for a class of games implies super-linear lower bounds for non-
uniform Turing machines

»  [FV02, HHR16, M’25] When answer sizes large, equivalent to problems in extremal combinatorics; e.g.,

GHZ is same as square-free sets in [, X [}

> Techniques might be useful for direct sum/product theorems in NOF communication complexity
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IDHVY17] “We believe that the strong correlations present in the
GHZ question distribution represent the ‘hardest instance’ of the
multiplayer parallel repetition problem.”
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» X, Y ~F,andZ=X+Y
- A =f(X) e A", B=g9(Y)e %" C=h2) €€

val(cﬁ‘g’”) =maxPr[Vie |n]: V(X,Y,Z,A,B;,C,)=1]
1.8:h

Question: If val(€) < 1, then val(£%®") < ?

> [HR20, GHMRZ21] val(€®") < n~¢ Fourier analysis: for all GHZ supported games

> [BKM23] val(€®m) < 279 Additive combinatorics: only for the specific GHZ game
a@a®bdc=xVyVy2
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Theorem [LLM26]: Let & be a GHZ-supported game with val(:&) < 1. Then,
val(€®") < exp(—no).

Theorem [LLM26]: Let & be a GHZ-supported game with val(&) < 1. Then, for all ¢ > 0,
Pr[Win > n - (val(¥) + €) of the copies] < exp(—n).

> Previously unknown even for the specific GHZ game (a @ b B c=xV yV 2)
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Setup

Let & be a GHZ-supported game
Input X, ¥ ~FyandZ=X+Y

Fix best strategies f, g, h
Goal: Show Pr[Win] < exp(—n°).
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Step 1: Squares are hard [GHMRZ’21]

» Square s C [F) X [} (Xp» Yo + d) (xp +d,yy+d)

» U, uniformon {(x,y,2) : z=x+Y,(x,y) € 5}

Claim: No strategy wins on U, with probability

more than val({&) < 1. (X9, Vo) \ +d, yp)

Proof: Only a few lines but slightly messy.
» Roughly, Any coordinate i € [n] (with d; = 1)
looks like the GHZ support.
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Step 2: Look at product sets [Raz "98]

» Let & be a GHZ-supported game
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Step 2: Look at product sets [Raz "98]

» Let & be a GHZ-supported game
» Input X, Y ~F andZ=X+Y

> Fix best strategies f, 2, h

n
val(€®") = Pr[Win; A Wins A ... A Win,] = H Pr[Win; | Wing A Winy A ... A Win;_;]
=1

» Show many terms are small

» Condition on questions/answers in winning coordinates

Claim: For every sets £, F, G C [F] with Pr[E X ' X G| > a, there exists i € [n] with

Pr[Win; | E X F X G] < 0.99.

» Want o = exp(—n°) and then done.
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Step 3: Combine [GHMRZ’21]

> Input X, Y ~FandZ=X+Y.
» E,F,G C [ arbitrary with Pr[E X F X G| > a.

_ Goal: There exists i € [n] with Pr [Win;] < 0.99 (Hard Coordinate)
(X,Y,2)|EXEXG

Idea: Let O be the distribution of (X, Y,7Z) | E X F X G.

O~ ZPSUS

If O can be written as convex combination of square distributions, then done.
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Step 4: This Work

Goal’: Let O be the distribution of (X, Y,Z) | E X F X G. Then, O ~ ZpSUS.
\)

Lemma 1: Above is true if all of E, I, G are algebraically spread.

» Uses ideas from 3-AP free sets [KM23], and graph-counting [FHHK?24].

Lemma 2: We can write £ X ' X G = LI E. X F; X G, with each E, I;, G; being algebraically spread.

l

» Generalizes uniformization strategy in corner-free sets [JLLOS25].
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Definition: A set X C [ is (r, €)-algebraically spread if:

For all affine subspaces V C [ of co-dimension at most r,

I XN V|
< (1
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1X]
on
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» Powerful generalization of Fourier uniformity (r = 1).
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Our Results and Open Problems

Theorem [LLM26]: Let & be a GHZ-supported game with val(:&) < 1. Then,
val(€®") < exp(—no).

Theorem [LLM26]: Let & be a GHZ-supported game with val(&) < 1. Then, for all ¢ > 0,
Pr[Win > n - (val(¥€) + €) of the copies] < exp(—n).

Future Directions:

> Truly exponential bounds??

» First result holds if distribution is not uniform, but second does not.

> Other applications of techniques: additive combinatorics? communication complexity?...



Thank You!

Questions?



