
Bounds for Hardness Condensation in the Query Model

Rajat Mittal, Sai Soumya Nalli, Manaswi Paraashar, Karthikeya Polisetty, Jayalal
Sarma, and Nitin Saurabh

CCC 2026
Chandrima Kayal (CNRS, IRIF, Paris, France)

1 / 18



Contents

Introduction

Our Results

Some Proof ideas

2 / 18



Decision Tree

f : {0, 1}n −→ {0, 1}. (Total Boolean function)
f : D −→ {0, 1}, where D ⊂ {0, 1}n. (Partial Boolean function)

Question?

Given any f : {0, 1}n −→ {0, 1}, can we construct a function f ′ : {0, 1}N −→ {0, 1}
such that N << n and M(f ′) = Θ(M(f ))?

▶ Decision Tree Complexity, D(f ) := minimum number of queries made by a
decision tree algorithm computing f in the worst case.
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Prior Work

▶ [Buresh-Oppenheim and Santhanam’06] first to study the hardness condensation
w.r.t circuit-size.

▶ [Razborov’16] lower bounds in proof complexity.
[Razborov’17, Razborov’18, Berkholz-Nordström’20, Fleming-Pitassi-Robere’22,
Buss-Thapen’24, de Rezende-Fleming-Janett-Nordström-Pang’24 ]

▶ [Hambardzumyan-Hatami-Hatami’22, Hrubeš’24,
Göös-Newman-Riazanov-Sokolov’24] in the context of communication complexity.

▶ [Göös-Newman-Riazanov-Sokolov’24] In query complexity as well.
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A simple hardness condensation set-up

▶ You are only allowed to use variable restrictions.

▶ For any f : {0, 1}n → {0, 1} with a complexity measure having value k ≪ n, is it
possible to restrict the function f to Θ(k) variables while keeping the complexity
preserved at Θ(k)?

Definition

f : {0, 1}n → {0, 1} condenses to k variables with respect to the measure M, if there
exists a restriction ρ : [n] → {0, 1, ∗} with |ρ−1(∗)| = k , such that M(f |ρ) = Θ(k).

▶ f condenses losslessly if it condenses to Θ(M(f )) variables.

▶ M condenses losslessly if every function f condenses losslessly.

▶ Example: Degree, Sensitivity.
(deg(f ) := degree of the unique multilinear polynomial representing f ).
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What’s known?

▶ Do deterministic query complexity condense losslessly?

No!

Göös-Newman-Riazanov-Sokolov’24

There exists a Boolean function f such that for every restriction with
|ρ−1(∗)| = O(D(f )),

D(f |ρ) = Õ(D(f )3/4).

▶ How bad can it be? Is there a lossy condensation?

▶ Proposition: For every f there exists a restriction ρ with
|ρ−1(∗)| = deg(f ) ≤ D(f ), such that D(f |ρ) ≥ D(f )1/3.

▶ [Midrijanis’04] D(f ) = O(deg(f )3.
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D(f |ρ) = Õ(D(f )3/4).

▶ How bad can it be? Is there a lossy condensation?

▶ Proposition: For every f there exists a restriction ρ with
|ρ−1(∗)| = deg(f ) ≤ D(f ), such that D(f |ρ) ≥ D(f )1/3.

▶ [Midrijanis’04] D(f ) = O(deg(f )3.

6 / 18



What’s known?

▶ Do deterministic query complexity condense losslessly? No!
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Some Definitions!

▶ Block Sensitivity: bs(f , x) : is the maximum number of disjoint subsets
B1,B2, . . . ,Br of [n] such that f (x) ̸= f (xBj ) for all j ∈ [r ].

bs(f ) = maxx{bs(f , x)}.
▶ Certificate Complexity: A certificate is a partial assignment that forces the

value of the function to be constant.
C(x , f ) := is the size of the smallest f (x)-certificate that is consistent with x .
C(f ) = maxx{C(f , x)}.
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Our Results: Incondensibility of C, bs

Negative Result

There exists f : {0, 1}n → {0, 1} such that for every restriction ρ : [n] → {0, 1, ∗} with

|ρ−1(∗)| = O(bs(f )) we have bs(f |ρ) ≤ C(f |ρ) = O(bs(f )2/3).

Positive Result

Let f : {0, 1}n → {0, 1} be a Boolean function and M ∈ {bs, fbs,C} there exists a
restriction ρ ∈ {0, 1, ∗}n with |ρ−1(∗)| = Θ(M(f )) such that M(f |ρ) = Ω(

√
M(f )).
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For Block Sensitivity

What do we want? There exists a function such that if we do variable restrictions on
bs (not full) many variables then the restricted function have even less bs.

Modified Rubinstein function

Define g : {0, 1}k → {0, 1} to be 1 iff the input contains
√
k consecutive 1’s and the

rest of the bits are 0’s. Then, define f : {0, 1}k2 → {0, 1} to be ORk ◦ g(x),
x ∈ {0, 1}k2

.

▶ C0(f ) = k1.5, bs0(f ) = k1.5, bs1(f ) = k , and C1(f ) = k.

▶ For every partial assignment ρ : [k2] → {0, 1, ∗} with |ρ−1(∗)| = O(k1.5), we have
C(f |ρ) = O(k).
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Proof

▶ C0(f ) = k1.5, bs0(f ) = k1.5, bs1(f ) = k , and C1(f ) = k.

▶ f = ORk ◦ g(x) and C0(f ) ≤ k · C0(g).

▶ If ρ sets some variable of g1 to 1, C0(g |ρ) ≤ 3.

▶ ρ sets no variable of g1 to 1? Let’s think about the 0-instance 0k
2
.

Let’s move to Deterministic Query Complexity!
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Cheat-sheet construction

Inputs

x1 f

x2 f

x3 f

...
...

xlog t f

f (x1) f (x2) · · · f (xlog t)
Address ℓ

Cheat-sheet array

Y0

Y1

...

Yℓ

...

Yt−1

Selected cell contains(
C1, C2, . . . , Clog t

)
certificate descriptions

Verify that
Ci is an f (xi )-certificate

for every i
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For Deterministic Query Complexity

Cheat sheet:

▶ Let f : {0, 1}n → {0, 1} be a function such that the description of certificate takes
at most m bits.

▶ Define
fCS : {0, 1}n log t+mt log t → {0, 1}

the cheat-sheet version of f as follows:

▶ The input to fCS is X = (x1, . . . , xlog t ,Y0, . . . ,Yt−1) where xi ∈ {0, 1}n are inputs
to log t copies of f , and Yj ∈ {0, 1}m log t are cheat-sheet cells.

▶ fCS(X ) = 1 iff the cheat-sheet cell Yℓ, given by the positive integer ℓ
corresponding to the binary string f (x1)f (x2) · · · f (xlog t), contains a description of
f (xi )-certificate for each xi .

15 / 18
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For Deterministic Decision tree complexity

▶ ∃ a function f such that for every restriction ρ : [n] → {0, 1, ∗} with
|ρ−1(∗)| = O(D(f )) we have D(f |ρ) = Õ(D(f )2/3).

▶ We will use Tribe(x) = (ANDk ◦ OR√
k)(x) where x ∈ {0, 1}k1.5

.

▶ C0(f ) =
√
k,C1(f ) = k, D(f ) = k1.5.

▶ Consider TribesCS with k1.5 many cheat sheet cells. TribesCS is defined over
k2.5 log2 k many variables.

▶ Ω(k1.5) = D(TribesCS) = O(k1.5 log k).

▶ For every ρ with |ρ−1(∗)| = Õ(k1.5), D(TribesCS|ρ) = Õ(k).
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Proof (contd.)

Stage 1: Identify a candidate value for Tribes(xi |ρ), i ∈ [log t].
Stage 2: Verify the contents of the cheat-sheet cell pointed to by the candidate
address identified in Stage 1.
#queries = O(k log2 k).

Algorithm for Stage 1: Fix i ∈ [log t].
▶ Let V1 to be i-th address bit is 1.

Let O0 be the set of OR gates in the i-th copy of Tribes that are not yet known
to evaluate to 1.

▶ Call an OR revealed if its (supposed) 1-certificate is completely fixed by ρ in at
least |V1|/2 cells.

▶ Query a popular variable in that OR.
▶ If the queried popular variable is 1, then |O0| decreases by 1.

▶ Otherwise, |V1| shrinks by a factor
(
1− 1

2
√
k

)
.

▶ Continue until either |O0| = O(
√
k log k) or |V1| ≤ 2k.

#queries = O
(
k +

√
k log t

)
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Conclusion

▶ Tighter condensation bounds: Close the gap between the current upper and lower
bounds (12 vs. 2

3).

▶ Communication complexity: Does deterministic communication complexity admit
a lossless condensation theorem?

▶ Other transformations: Can condensation be established with respect to
transformations other than restrictions, e.g., projections?

Thank You!
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