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Background: Meta-complexity

* Meta-complexity: studying the problems that are themselves
about complexity.

MCSP: Estimating the circuit complexity of a given function.

MINKT: Estimating the time-bounded Kolmogorov complexity of a given string.

K'(z) := min{|II| : II prints = within ¢ steps.}

* Meta-complexity has found its connection to learning theory,
cryptography and average-case complexity over the last decade.

* NP-hardness of GapMINKT would rule out Heuristica (where NP is worst-
case hard, but average-case easy)! [Hir’18, Hir’20]

* Hardness of certain meta-complexity problem (agnostic learning)
characterizes Pessiland (where NP is average-case easy, but one-way
functions don’t exist) [HN’26]



Recent Hardness Results in Meta-complexity

[Mas’79] DNF-MCSP is NP-hard.

[lla’20] ACO-MCSP is NP-hard.

[Hir’20] MINcKT>AT is NP-hard.

[Hir’'22] Partial versions of MCSP/MINKT are NP-hard.

[HI’25] MCSP is NP-hard under some cryptographic assumptions.

However, the central questions, NP-hardness of MCSP/MINKT
remains open!




Main Result;: Hardness of hon-deterministic
Kolmogorov complexity

nK*(z) := min { |I]|

\

Jw € {0,1}, II(w) prints z in ¢ steps, and |
Vw € {0,1}", II(w) prints z or L in ¢ steps.

o OREER

* MINNKT: given string x and parameters s, t (t Is given in unary),
decide whether nKf(x) < s or nK*(x) > s. Then:

MINnKT € BPP < NP < BPP.




Other results

« We define new notions pnK?, which is central in the proof of the
main theorem, and prove it has optimal language compression
and conditional coding, and £-nKt, which admits efficient weak

symmetry of information.
* We prove the average-case hardness of MINNKT.

(MINNKT,U) € AvgBPP = DistNP < AvgBPP

* We prove that if MINNKT is average-case easy, then NP can be
solved in subexponential time in the worst-case.

(MINNKT, U) € AvgBPP = NP C RTIME[20(n/logn)]

* This improves the previous result of [Hir’'21, GKLO’22], where the
condition on the left is DistZ, € AvgBPP.



Proof overview of main result



The easy direction: Easiness of NP implies
easiness of MINnKT

* By [Ko’82], NP € BPP implies PH € BPP.
» Not hard to show MINNKT € =5 from definition.

nK'(z) < s «— J|| <s, (Fw| < t, T (w) =z) A V|w| <t,ITHw) e {z, L})




The hard direction: Easiness of MINnKT

Implies easiness of NP

* How to show NP € BPP, assuming that MINnKT € BPP?
* Fixan NP language L, and an input x. Deciding whether x € L?

\ A 4
—

First attempt: Try to guess a witness by sampling uniformly!

s
But the witness might be exponentially sparse! —

{0,

c

Let W, be the set of withesses for input x
@ Possible that |, | < zz—n!

(00]




Sampling the compressed withesses

Ky 1 x)
* Let W, be the set of withesses for input x = min{|I1|: [1(x) prints y in t steps.}

* If, magically /, for any y € W,., we have KPOY(W (y | x) <
log|W,.| + O(logn), then:

Sampling IT uniformly from all programs of size at most log|W,.| +

O(logn), obtain y as the output of [1(x) running for poly(n) steps,
then check if y is a witness for x
finds a witness with probability at least 1/poly(n) (When W, # 0),
and therefore by error reduction, NP € BPP!

) n¢ log|W,|+0(log n)
Exponentially {0,1} 10,13 " At least Wy

sparse! —

ToglWxl+0(ogn)

-dense!

Set of short programs

. poly(n)
» encoding withesses




The probabilistic Kolmogorov complexity: pK

pK*(y | ) := min {3

* Or alternatively,

2
Pr [3|II| < s,1I(x,r) prints y in t steps] > §}

2
oK' (y | x) := min{s Pr [K'(y | r,x) < s| > §}
/ Merlin
i {
[1(x, ) prints y in Randomnessr

time t for > 2/30f r!

ProgramII, |II| < s

* |n fact, the witness sampling in the previous slide would still work, even if we
replace K¢ by pKE! (pKPOY™ (y | x) < log|W,| + 0(logn) for every y € W,,)

* The sampler samples a program II, as well as the randomness r, runs
[1(x,r) for t steps to obtain y.

* The (I1, r) pair encoding a witness is dense!
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Goal: Show every witness has small

COndItIOnal pK COmpleXIty Foranylanguage L € NP, foranyx € L,y € W,,

we have pKPYM (y | x) < log|W, | + 0(logn).

* What we have shown so far: -
——

If NP admits pK® witness compression, then NP € BPP.

* What we need to show:

If MINNKT € BPP, then NP admits pK® withess compression.

* This looks exactly like the language compression property of
Kolmogorov complexity!
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Non-deterministic Komogorov complexity and
la nguage COm preSSIOn IT has oracle access to membership of S

[BLVM’05] For any set. S <{0,1}" and string y € S, we have

nkSPOV(™ () < log|S| + O ((logISI + logn) logn).

* When § is equal to some NP witness set W,,, membership of W,
can be tested in poly time given x. Therefore we have

@Kpoly(n) (v | x) < log|W,] +[0 ((\/logIWxI + log n) log n)]

But what\/ve want is: \

\ (PP (y | x) < 10g|‘>b§<| +0(logn))
Vo .

/
Qualitative gap! Quantitative gap!
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Tool: Probabilistic nondeterministic
Kolmogorov complexity pnK

pnK*(y | ) := min {s

Pr

II| < s,

{Hw, II(z,r,w) prints y in t steps,

Vw, (2, r,w) prints y or L in t steps.

|2

USH N\

}

* Or equivalently,

pnK(y | ) := min {3

F;r nK'(y | z,7) < s| > g}

-3

Arthur

-

Merlin

/\

Randomness r ‘

D

ProgramIl, |II| < s

(x,7) is a good nK?-
type program for y for

> 2/3 of r!




Optimal language compression for pnK

* Using tools from 2-universal hashing, we are able to prove:

ForanysetS € {0,1}" and string y € S, we have
pnkKSPoY( () < log|S| + O(logn).

* When S is equal to some NP witness set W,,, membership of W, can be tested
in poly time given x. Therefore we have

oly(n) (y | x) <log|W,| +[0(lo\gn).]

N\
Optimall!

Only a qualitative gap remains! (We want pK instead of pnK.)
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Goal: Collapse pnK to pK

* What we have shown so far:

If NP admits pK® witness compression, then NP € BPP.

NP admits pnK® withess compression unconditionally.

e What we need to show:

If MINNKT € BPP, then pKPY® (y | x) < pnKt(y | x).

15



“Strong” symmetry of information for pnK

* Using the direct product generator [Hir’20], we are able to prove:

If MINNKT € BPP, then for every string x, y and time bound ¢, we have

pnK‘ (x, y) 2 pKPYE (x) + pkPYE (y | x).

Rearranging the inequality: First print x in time t/2, then

proly(t) (y | )| < ant(:U,y) _ proly(t)(x) / printy given x intime t/2.
< (ant/Q(y | .CU) 4+ ant/2([E)) . proly(t) (ZC)
/ S PnKt/z(y | z) |+ pKt/Q(x) _ pKPo(®) ()

o N
Almost what The time bounded —K
we want! computation depth of x VN

J
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How to eliminate the computational depth?

* We already have: (The computational depth)
ad

7

pKPOYO (y | x) 5 pnKt(y | x) + (pK! (x) — pkPY© () ).

By counting argument, for 1 — n~¢ fraction of x, pKf(x) — pKP?Y®)(x) < clogn.
Thus for most x, the witness sampling is time efficient. This implies the
average-case easiness of NP:

MINnKT € BPP = DistNP < AvgBPP.

But we want the worst-case easiness of NP! How can we eliminate the
computational depth from the inequality?
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Eliminating computational depth by telescoping

Notice how this is

* If, magically / , for every t > t,, we have Sffa“e”ha” poly(®)!

/7
pKPYO (y | x) 5 pnkie(y | x) + (pKE(x) — pKEHV ) (1)),

Then defining t; = poly(ty),t, = t; + poly(ty), ..., thes = t, + poly(ty), we
have:

pKPOYED (y | x) s pnKo(y | x) + (pK(x) — pK2(x)),

pKPOY(E2) (y | x) s pnKo(y | x) + (pK!2(x) — pK?3(x)),

’.

pKPOY () (y | x) < pnKbo(y | x) + (pKin(x) — pKin+i(x)).

Since Y1, (pKti(x) — pKlir1(x)) = pK1(x) — pKin+1(x) < pKhi(x) < 2n, by
averaging, there must exist i such that pKli(x) — pKli+1(x) < 2.

0 pKin(x) e pKi () pKhi(x) e pKi1(x) on "




Eliminating computational depth by telescoping

Notice how this is
smaller than poly(t)!
al

/7
pKPYO (y | x) S pnkio(y | x) + (pKE(x) — pKEHPV 0 () ).

* If, magically /-, forevery t > t,, we have

Then defining t; = poly(ty),t, = t; + poly(ty), ..., t,4+1 = t,, + poly(t,), there
exists i such that pKli(x) — pKli+1(x) < 2. Thus we have

pKPOYED (y | x) < pnKPe(y | x) + pKii(x) — pKiit1(x) S pnKPo(y | x).

But t; is also upper bounded by poly(t,). Hence we get

pKPOY (&) (y | x) S pnKPo(y | x).

Which is exactly what we need!
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The “magic”?

 Bad news: we don’t know how to prove this inequality exactly!

pKPYO (y | x) S pnkto(y | x) + (pKE(x) — pKEFPOYED) () ).

* Good news: we can prove a slightly different one, with the same
consequences!

pKPY O (y | 2) S pnK (y | ) + ((-nK" () — -nKHP0) (g))
\
2 \
Pr [nKt(g; or) < s+ E] > —} , Can be eliminated
r~{0,1}¢ 3 by telescoping!

Technical caveat: to obtain the small gap between time bounds, the underlying
computation model need to allow efficient composition of programs. Roughly speaking,

if f can be computed intime t; and g can be computed in time t,, then g o f can be
computed intime t; + poly(t,).

(-nK*(x) := min {8

20



The technical notion £-nK

(-nK*(z) := min {3

b

Q| BN

Pr  [nK'(zor) <s+/(] >
re~{0,1}*

* Comparing to pnK:

pnK*(z) := min {8

. 2
P;r[nK (z]r) < s] zg}

* Advantage of £-nK: efficient weak symmetry of information!
1
poly(n)’

* For pnK, the time bound blows up by poly(t)!
1
poly(n)

{Po’rl} [ﬁ—nKt(.:U or) > (0 +m)-nK'(z) + m| >

Pr [onk!(wor) 2 puk?O(e) +m] >




Summarizing the proof of the main result

1. Sampling the compressed withesses:

If NP admits pK* witness compression, then NP S BPP.

2. Unconditional optimal language compression for pnK:

NP admits pnK® witness compression unconditionally.

3. Collapsing conditional pnK to pK, and eliminating the
computational depth by telescoping:

Assuming MINnKT € BPP, then pKP?Y® (y | x) S pnKEi(y | x).
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Summary of our results

* We prove that MINNnKT is hard for NP.
MINnKT € BPP < NP € BPP.

 We define new notions pnK?, and prove it has optimal language
compression and conditional coding, and £-nKt, which admits
efficient weak symmetry of information.

* We prove the average-case hardness of MINnKT.
(MINNKT,U) € AvgBPP = DistNP € AvgBPP

* We prove that if MINNKT is average-case easy, then NP can be
solved in subexponential time in the worst-case.

(MINNKT, 1) € AvgBPP = NP C RTIME[20(%/ logn)]

* This improves the previous result of [Hir’21, GKLO’22], where the
condition on the left is DistZ, € AvgBPP.
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Open problems

* Worst-case hardness of GapMINnKT?
« Acceptif nKt(x) < s, reject if nKP°YD (x) > s + 0(logn).
« Cannot use telescoping anymore, because of the time gap is t v.s. poly(t).

* Worst-case hardness of GapMINpnKT would rule out PH-heuristica.
(Where PH is average-case easy, but worst-case hard.)

e NP-hardness of MINKT/MCSP?

24
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  i


    𝗉 𝖪   t i  ( x ) −   𝗉 𝖪   t  i + 1  ( x ) ≤ 2


    𝗉 𝖪  𝗉 𝗈 𝗅 𝗒  (  t i )  ( y ∣ x ) ≲   𝗉 𝗇 𝖪   t 0  ( y ∣ x ) +   𝗉 𝖪   t i  ( x ) −   𝗉 𝖪   t  i + 1  ( x ) ≲   𝗉 𝗇 𝖪   t 0  ( y ∣ x )


   t i


  𝗉 𝗈 𝗅 𝗒  (  t 0 )


    𝗉 𝖪  𝗉 𝗈 𝗅 𝗒  (  t 0 )  ( y ∣ x ) ≲   𝗉 𝗇 𝖪   t 0  ( y ∣ x )


    𝗉 𝖪  𝗉 𝗈 𝗅 𝗒  ( t )  ( y ∣ x ) ≲   𝗉 𝗇 𝖪   t 0  ( y ∣ x ) +  (   𝗉 𝖪 t  ( x ) −   𝗉 𝖪  t + 𝗉 𝗈 𝗅 𝗒  (  t 0 )  ( x ) )


  f


   t 1


  g


   t 2


  g ∘ f


   t 1 + 𝗉 𝗈 𝗅 𝗒  (  t 2 )


  ℓ


  ℓ


  𝗉 𝗈 𝗅 𝗒  ( t )


    𝗉 𝖪 t


  𝖭 𝖯 ⊆ 𝖡 𝖯 𝖯


    𝗉 𝗇 𝖪 t


  𝖬 𝖨 𝖭 𝗇 𝖪 𝖳 ∈ 𝖡 𝖯 𝖯


    𝗉 𝖪  𝗉 𝗈 𝗅 𝗒  ( t )  ( y ∣ x ) ≲   𝗉 𝗇 𝖪 t  ( y ∣ x )


    𝗉 𝗇 𝖪 t


  ℓ


    𝗇 𝖪 t


  𝖣 𝗂 𝗌 𝗍  Σ 𝟤 𝖯 ⊆ 𝖠 𝗏 𝗀 𝖡 𝖯 𝖯


  𝖬 𝖨 𝖭 𝗇 𝖪 𝖳 ∈ 𝖡 𝖯 𝖯 ⟺ 𝖭 𝖯 ∈ 𝖡 𝖯 𝖯 .


   ( 𝖬 𝖨 𝖭 𝗇 𝖪 𝖳 , 𝒰 ) ∈ 𝖠 𝗏 𝗀 𝖡 𝖯 𝖯 ⟹ 𝖣 𝗂 𝗌 𝗍 𝖭 𝖯 ⊆ 𝖠 𝗏 𝗀 𝖡 𝖯 𝖯


   ( 𝖬 𝖨 𝖭 𝗇 𝖪 𝖳 , 𝒰 ) ∈ 𝖠 𝗏 𝗀 𝖡 𝖯 𝖯 ⟹ 𝖭 𝖯 ⊆ 𝖱 𝖳 𝖨 𝖬 𝖤  [  2  O  ( n /  log ⁡ n ) ]


    𝗇 𝖪 t  ( x ) ≤ s


    𝗇 𝖪  𝗉 𝗈 𝗅 𝗒  ( t )  ( x ) ≥ s + O  (  log ⁡ n )


  t


  𝗉 𝗈 𝗅 𝗒  ( t )

