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The key objects 
and the main result
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Randomness extractors

• Applications: 
– simulate randomized algorithms using crude 

source of randomness
– Many others: expanders, inapproximability results, 

pseudorandom generators, error-correcting codes, 
data structures, distributed and network algorithms, 
embeddings, optimal samplers… 

seed

source string e-close to 
uniform

{0,1}n

2k strings E

t bits
m bits
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Randomness extractors

• Dozens of constructions over many years
– 1990-1999: largely combinatorial
– 1999: new ingredient -- error-correcting codes

• Goals:  optimal:  [LRVW03]:
short seed log n + O(1) O(log n)
long output m = k + t - O(1) m = (1 - a)k

seed

source string

{0,1}n

2k strings E

t bits

e-close to 
uniform
m bits
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C

Condensers

seed

source string

{0,1}n

2k strings t bits

m < n bits

2k’strings

• Common intermediate object:

• “lossless” if k’ = k + t
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𝟐𝒕

Lossless condenser ⇔ expander

{0,1}n

{0,1}m

x z

edge (x, z) present iff 
for some y, C(x, y) = z

seed

source string

{0,1}n

2k strings C

t bits

C is a (k, 𝜖) lossless 
condenser ⇔ sets 
of size 2k expand to 
(1-e)2t ·2k          [TUZ01]

e-close to k+t 
min-entropy
m < n bits
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e-close to k+t 
min-entropy

Lossless condensers

• Goals:  optimal:  [TUZ 01]
short seed log n + O(1) O(log n) or
       O(log2 n)
short output m = k + t + O(1) m = k1+a or
       m = O(k)

seed

source string

{0,1}n

2k strings C

t bits
m < n bits
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e-close to k+t 
min-entropy

Lossless condensers

• Goals:  optimal:  [TUZ 01]
short seed log n + O(1) O(log n) or
       O(log2 n)
short output m = k + t + O(1) m = k1+a or
       m = O(k)

seed

source string

{0,1}n

2k strings C

t bits
m < n bits
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Our results (extractors)

• Goals:  optimal:  [LRVW03]:
short seed log n + O(1) O(log n)
long output m = k + t - O(1) m = (1 - a)k

• we matched LRVW03 (and handled small e)
– LRVW uses: mergers, condensers, block-wise  and 

somewhere-random sources, locally decodable 
codes, “win-win” analysis of recursive construction… 

– Our extractor: complete construction+proof in this talk
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Our results (condensers)

• Goals:  optimal:  [TUZ 01]
short seed log n + O(1) O(log n) or
       O(log2 n)
short output m=k + t + O(1) m = k1+a or
       m = O(k)

• we obtained lossless condensers with:
– seed O(log n)
– output m = O(k)

Equivalently: bipartite graphs with 
(1-𝜖)(degree) expansion, and left-
degree and RHS size within poly 
of optimal 10



What was happening
 in 2007
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What was happening circa 2007

[GW94,WZ95,TUZ01,
RVW00,CRVW02]

Randomness
Extractors

Expander 
Graphs

List-Decodable
Error-Correcting 

Codes
Pseudorandom

Generators

[Tre99,RRV99,
ISW99,SU01,U02]

[Tre99,TZ01,
TZS01,SU01]

…and new list-decodable 
error correcting codes: 

PV05 and GR06

Connections between 
key objects
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What was happening circa 2007

1999 Luca Trevisan: extractors from error-
correcting codes and Nisan-Wigderson PRG

2001 Ta-Shma + Zuckerman: very good 
list-decodable codes equivalent to extractors

2001 Shaltiel + Umans: extractors from 
Reed-Muller codes
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Developments in coding theory

• RS codes: 𝑓 𝑋 ∈ 	F! 𝑋  of deg. k, n ≤ 𝑞

– list-decodable from 𝑘𝑛 !/#	agreement
• PV 2005: r correlated RS codewords   

f(1) f(2) f(3) f(n)

𝑓!(1) 𝑓!(2) 𝑓!(3) 𝑓!(𝑛)

𝑓"(1) 𝑓"(2) 𝑓"(3) 𝑓"(𝑛)

𝑓#(1) 𝑓#(2) 𝑓#(3) 𝑓#(𝑛)

E(X) irreducible of deg. k+1, 𝑓$ =	𝑓%
! 	mod E

list-dec. from 
𝑘

"
"#$𝑛

$
"#$	agr.
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Developments in coding theory

• GR 2006: r correlated RS codewords are 
shifts of original f

𝑓!(1) 𝑓!(2) 𝑓!(3) 𝑓!(𝑛)

𝑓"(1) 𝑓"(2) 𝑓"(3) 𝑓"(𝑛)

𝑓#(1) 𝑓#(2) 𝑓#(3) 𝑓#(𝑛)

E(X) = 𝑋& 	− 𝛼	irreducible, 𝑓$ =	𝑓&
! 	mod E

results in 𝑓$(𝑋) 	= 	𝑓(𝛼$𝑋)

list-dec. from 
𝑘

"
"#$𝑛

$
"#$	agr.
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Developments in coding theory

• GR 2006: r correlated RS codewords are 
shifts of original f

𝑓!(1) 𝑓!(2) 𝑓!(3) 𝑓!(𝑛)

E(X) = 𝑋& 	− 𝛼	irreducible, 𝑓$ =	𝑓&
! 	mod E

results in 𝑓$(𝑋) 	= 	𝑓(𝛼$𝑋)
list-dec. from 
𝑘

"
"#$𝑛

$
"#$	agr.

window of r symbols
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What was happening in 2007

• Called “folded Reed-Solomon” codes

…the three GUV authors were skipping a talk 
at a Banff workshop and talking about this…

𝑓!(1) 𝑓!(2) 𝑓!(3) 𝑓!(𝑛)

If f is replaced by RM codeword, 
this is the TZ “extractor code” of 
the Shaltiel-Umans extractor 

list-dec. from 
𝑘

"
"#$𝑛

$
"#$	agr.window of r symbols
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Construction 
and 

proof of main result
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The construction

• Fq finite field
• parameter h ≤ q
• deg. n polynomial E(Y) irreducible over Fq

– source: degree n-1 univariate polynomial f
– define fi(Y) = fhi(Y) mod E(Y)

C(f, y 2 Fq) = (y, f0(y), f1(y), f2(y), , fm-1(y))

seed{0,1}n

2k strings

t bits

source
C
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Proof outline

– fix S µ Fq
m+1 of size (1-𝜖)q(hm – 1)

– “bad” f: for all y, (y, f0(y), f1(y), …, fm-1(y)) 2 S
– show number of bad f’s is small
– “small”: hm – 1 (almost best possible: |S|/q)

S
bad fExpander/lossless cond. 

equivalence reduces task 
to proving expansion

20

define: fi(Y) = fhi(Y) mod irreducible E(Y)
C(f, y 2 Fq) = (y, f0(y), f1(y), f2(y),  ,fm-1(y))



Proof of expansion

• Proof:
– fix S µ Fq

m of size (1-𝜖)q(hm – 1)
– non-zero poly. Q(Y, Y0, Y1, …, Ym-1) vanishing 

on S; deg(𝑌) ≤	(1-𝜖)q, deg(𝑌$) ≤	(h-1)
– “bad” f: for all y, Q(y, f0(y), …, fm-1(y)) = 0
– if eq > nhm, Rf(Y) ≝	Q(f0(Y),…, fm-1(Y)) = 0.

S
bad f

*

* WLOG not divisible by E(Y) 21

define: fi(Y) = fhi(Y) mod irreducible E(Y)
C(f, y 2 Fq) = (y, f0(y), f1(y), f2(y),  ,fm-1(y))



Proof of expansion

• Proof (continued):
– “bad” f: Rf(Y) ≝ Q(Y, f0(Y),…, fm-1(Y)) = 0
– view fi as elements of Fq[Y]/E(Y) and Q as a 

(non-zero) polynomial over extension field
– for “bad” f: (f0, …, fm-1) is a root of Q
– f is a root of Q’(Z) ≝	Q(Z, Zh, Zh2, …, Zhm-1)

22

define: fi(Y) = fhi(Y) mod irreducible E(Y)
C(f, y 2 Fq) = (y, f0(y), f1(y), f2(y),  ,fm-1(y))



• Proof (continued):
– for “bad” f: 

f is a root of Q’(Z) ≝ Q(Z, Zh, Zh2, …, Zhm-1)
– number of “bad” f ≤ degree(Q’) 

≤ (h-1)(1 + h + h2 + … + hm-1)
= (h-1)((hm-1)/(h-1)) = hm-1

Proof of expansion

bad f’s
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define: fi(Y) = fhi(Y) mod irreducible E(Y)
C(f, y 2 Fq) = (y, f0(y), f1(y), f2(y),  ,fm-1(y))

S



Condenser parameters

• proof requires q > nmh/e 
• output length: (m+1)·log q
• entropy: |bad f’s| = m·log h 
• h = (nm/e)c, q = h(c+1)/c so (log h)/(log q) = c/(c+1)
• we chose h = poly(n/𝜖), so q = poly(n/𝜖), 

– seed length t = log q = O(log n + log(1/e)) 

“entropy rate”

24

define: fi(Y) = fhi(Y) mod irreducible E(Y)
C(f, y 2 Fq) = (y, f0(y), f1(y), f2(y),  ,fm-1(y))



Getting an extractor

Zuckerman 97: extract (1-a)k bits from k-
minentropy for any constant entropy rate 
with seed t = O(optimal)

• First apply condenser, then extract (1- a)k 
bits from k-minentropy with t = O(optimal)

seed

source string

{0,1}n

2k strings E

t bits

e-close to 
uniform
m bits
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Our results (recap)

Extractor: optimal:  [GUV]:
short seed log n + O(1) O(log n)
long output m = k + t - O(1) m = (1 - a)k

Condenser: optimal:  [GUV]
short seed log n + O(1) O(log n) 
short output m = k + t + O(1) m = (1 + a)k

26

Lossless

best to date [DKSS09, TU11]	 𝛼 = 	1/polylog(𝑛)



Why was this paper 
influential?
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Why was this paper influential?

Output length →	 𝑘'			 𝛼𝑘	 1 − 𝛼 𝑘	 𝑘	 𝑘 + 𝑡	

seed

source string e-close to 
uniform

{0,1}n

2k strings E

t bits
m bits

Seed 
length: 

log 𝑛

𝑂(log 𝑛)

poly(log 𝑛)
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×
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×
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Extractor applications



Why was this paper influential?

• The construction and proof are
– easy!
– self-contained
– algebraically “nice”
– adaptable / modifiable for other applications
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Why was this paper influential?
• the expanders have near-

optimal expansion which gives 
the unique-neighbor property

• Analysis gives efficient list-
recovery of PV codes from 
very large input lists

30

S

Γ(S)

(1 - 𝛼) fraction of nodes 
have a unique neighbor



Some later works that
used GUV 

in interesting ways
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Later works that used GUV 

• Cheraghchi + Indyk 2016: 
– “Nearly Optimal Deterministic Algorithm for 

Sparse Walsh–Hadamard Transform”
– careful choice of parameters makes the 

function C(f, y) linear for each fixed seed y
– more generally: compressed sensing from 

linear lossless condensers, GUV with 
modification has near-optimal parameters and 
fast reconstruction/decoding.
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Later works that used GUV 

• Kane, Nelson + Woodruff 2009: 
– “Revisiting Norm Estimation in Data Streams”
– re-engineers GUV construction to make it 

space-efficient
– uses in Armoni PRG for bounded-space 

branching programs to obtain improvements:
• derandomizing ℓ) estimators
• Improved streaming dimensionality reduction. 
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Later works that used GUV 

• Cheraghchi 2009 
– “Capacity Achieving Codes from Randomness 

Condensers”
• Bauwens + Zimand 2020 

– “Universal Codes in the Shared-Randomness 
Model for Channels with General Distortion 
Capabilities”

• both need linear lossless condensers with 
near optimal parameters, and decoding
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Later works that used GUV 
• Kalev + Ta-Shma 2022

– “Unbalanced Expanders from Multiplicity Codes” 
– replace correlated PV codewords 𝑓!, 𝑓#, … , 𝑓( 

with multiplicity code codewords 𝑓’, 𝑓’’, … , 𝑓(()
– entirely different and beautiful proof using 

differential equations, ideas from list-decoding 
algorithms for multiplicity codes

– similar parameters 
– Chattopadhyay, Gurumukhani, Ringach, Zhao 2025: two-

sided expander
35



An open problem 
and a

step toward a solution
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Recall condenser parameters
• proof requires q > nmh/e 
• |S| = ℎ(

• right-hand-side size = 𝑞(

• inequality forces constant entropy rate because 

RHS size =	𝑞(≥ (ℎ()!+'	for	const. 𝛼 > 0

37

|S| ≈	|RHS|/poly(n) “logarithmic entropy rate 
deficiency” yields optimal output length extractors 
with O(log n) seed length. Can this be achieved?

bad f’s
S



Improving the entropy rate to 1-o(1)

• Ta-Shma + Umans 2011, new ideas:
– lossy condenser analysis (almost the same)
– total-degree bound on Q, vanishing on set S 

with high multiplicity
– generalization of the “PV curve” 

𝑓 ↦	 (𝑓, 𝑓%, 𝑓%% , … , 𝑓%&'$)
– elements of 𝐹&	-	%% 	are linear polys over 𝐹%
– two layers of “GUV analysis”
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July 24, 2013 39

First modification

• Fq finite field
• deg. n polynomial E(Y) irreducible over Fq

– source: degree n-1 univariate polynomial f
– fi(Y) = fhi(Y) mod E(Y) Gi(f)(Y) for Gi:Fqn ! Fqn

seed
{0,1}n

2k strings

t bits

source
C

(deg(Gi) will be hm-1 – same as before)

C(f, y 2 Fq) = (f0(y), f1(y), f2(y), , fm-1(y))



• Fq = Fh[Z]/D(Z)
• deg. n polynomial E(Y) irreducible over Fq

– source: degree n-1 univariate polynomial f
– fi(Y) = Gi(f)(Y)  for Gi:Fqn ! Fqn

C(f; y2Fq, w2Fh) = (f0(y)(w), f1(y)(w), f2(y)(w), , fm-1(y)(w))

July 24, 2013 40

Second modification

seed
{0,1}n

2k strings

t bits

source
Cdegree 2 

extension

now C maps into Fhm



Proof of expansion

• Proof:
– fix S µ Fh

m of size ≈ (𝜖ℎ/2)𝑚	
– non-zero poly. Q(Z0, Z1, …, Zm-1) vanishing on 

S with multiplicity 2r, total degree 𝜖ℎ𝑟 -1

– “bad” f: Pr.,0[Q(f0(y)(w),…,fm-1(y)(w))=0] ≥ 2𝜖	

S
bad f

41

define: fi(Y) = G1(f)(Y) mod irreducible E(Y)
C(f; y2Fq, w2Fh) = (f0(y)(w), f1(y)(w), , fm-1(y)(w))



Proof of expansion

• Proof (continued):
– “bad” f: Pr.,0[Q(f0(y)(w),…,fm-1(y)(w))=0] ≥ 2𝜖	
– averaging: for 𝜖	fraction of y’s 

Pr0[Q(f0(y)(w), …, fm-1(y)(w)) = 0] ≥ 𝜖
– because 𝜖ℎ𝑟 > deg 𝑄 , for these y’s we have

𝑃2,. 𝑊 ≝	Q(f0(y)(W), …, fm-1(y)(W)) = 0 

S
bad f

42

define: fi(Y) = G1(f)(Y) mod irreducible E(Y)
C(f; y2Fq, w2Fh) = (f0(y)(w), f1(y)(w), , fm-1(y)(w))



Proof of expansion

• Proof (continued):
– for the 𝜖𝑞	y’s for which  

𝑃2,. 𝑊 ≝	Q(f0(y)(W), …, fm-1(y)(W)) = 0 
we have Q(f0(y), …, fm-1(y)) = 0

– because 𝜖𝑞	 > 	𝑛 ⋅	deg(Q) (pick h large enough)

𝑅2 𝑌 ≝	Q(f0(Y), …, fm-1(Y)) = 0 

S
bad f
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define: fi(Y) = G1(f)(Y) mod irreducible E(Y)
C(f; y2Fq, w2Fh) = (f0(y)(w), f1(y)(w), , fm-1(y)(w))



Proof of expansion

• Proof (continued):
– for the f’s for which  

𝑅2 𝑌 ≝	Q(f0(Y), …, fm-1(Y)) = 0
we have Q(f0, …, fm-1) = 0

– f a root of 𝑄’(𝑍) ≝ 𝑄(𝐺!(𝑍), 𝐺#(𝑍), … , 𝐺((𝑍))
– number of “bad” f ≤ degree(Q’) ≤ 	𝜖𝑟ℎ𝑚

S
bad f
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define: fi(Y) = G1(f)(Y) mod irreducible E(Y)
C(f; y2Fq, w2Fh) = (f0(y)(w), f1(y)(w), , fm-1(y)(w))



Improving the entropy rate to 1-o(1)

• Sets of size ≈ ℎ"	expand to sets size 

≈ #
$%&'(

"
.

• Gives 𝑚	log	ℎ → 	𝑚(log	ℎ	– 	𝑂(1))	cond.
• Entropy rate: (log h – O(1))/(log h)

• Condense+extract: seed length t=O(log n), 
output length m = (1 – 1/polylog(n))k
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Open problem again

• Handle sets S of size |RHS|/poly(n) 
“logarithmic entropy rate deficiency”

• # bad f’s at most poly(n) ⋅|S|
“logarithmic entropy loss”

• Would yield optimal output length 
extractors, with O(log n) seed length. 

46

bad f’s
S



Thank you!

47


